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Abstract. In this paper, we study the regularity of topological entropy, as a function on the

space of Riemannian metrics endowed with the C0 topology. We establish several instances of

entropy robustness (persistence of entropy non-vanishing after small C0 perturbations).
A large part of this paper is dedicated to metrics on the 2-dimensional torus, for which

our main results are that metrics with a contractible closed geodesic have robust entropy (thus

generalizing and quantifying a result of Denvir-Mackay) and that metrics with robust positive
entropy on the torus are C8 generic. Moreover, we quantify the asymptotic behavior of volume

entropy in the Teichmüller space of hyperbolic metrics on a punctured torus, which bounds from
below the topological entropy for these metrics.

For general closed manifolds of dimension at least 2 we prove that the set of metrics with

robust and high positive entropy is C0-large in the sense that it is dense, contains cones and
arbitrarily large balls.
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1. Introduction

1.1. Context. In this paper we study robustness properties for the topological entropy of Rie-
mannian geodesic flows with respect to the C0-topology on the space of Riemannian metrics.

The space of metrics Let Q be a closed manifold and GpQq be the space of C8-smooth Rie-
mannian metrics on S. For g, g1 P GpQq, we say that g ă g1 if gxpv, vq ď g1xpv, vq for all x, v, and
for C P R we define Cg P GpQq by Cgxpv, wq “ C ¨ gxpv, wq, for all x P Q, v,w P TxQ. We consider
on GpQq the metric dC0 defined by

(1.1) dC0pg, g1q “ inf

"

logpCq

ˇ

ˇ

ˇ

ˇ

1

C
g ă g1 ă Cg; C ą 0

*

.

The metric dC0 defines the C0 topology on GpQq. dC0 is a variant of the Riemannian Banach-
Mazur distance from [SZ19], see below for further discussion. From a purely metric point of view,
dC0 is natural since geometric quantities such as the volume of subsets of pQ, gq, the diameter of
pQ, gq and the Riemannian distance function dg on Q, are all continuous with respect to dC0 .1 In
studying these quantities it is therefore more natural to consider the dC0-distance than stronger
analogues for Ck-metrics, k ě 1.

Topological entropy The topological entropy htop is a numeric invariant of a dynamical system
that measures orbit complexity, see Subsection 1.4 for its definition. In this paper we study the
topological entropy htop of Riemannian geodesic flows ϕg, g P GpQq, seen as a function on the
metric space pGpQq, dC0q. We will show that, especially when Q is two-dimensional, htop is more
robust under perturbation of the metric than one could imagine at first sight. The reason why
this robustness is not clear is that the geodesic vector field depends on the first derivatives of
g, and therefore does not change continuously with dC0 : a dC0 -small change of the metric can
result in a large change of the geodesic flow, meaning that a priori it is reasonable to believe that
a dynamical quantity such as the topological entropy would be subject to a large change. This
view is reinforced by the lack of continuity in topologies much stronger than C0: in [New89] it
is shown that on the class of Cr maps, r ă 8, htop fails to be upper semi-continuous in C8

topology and even smooth perturbations of smooth diffeomorphisms on closed 3-manifolds can
collapse topological entropy to 0, see [Dah21, Section 2], see also [Mil02].

Our investigations are part of the more general study of how the topological entropy of the
geodesic flow behaves with respect to perturbations of the metric. This is a long standing problem,
and greatly depends on the topology considered on the space of metrics: see for example [KKW91]
and [Con92]. Nowadays, a satisfactory answer is given for metrics of negative curvature and C1

perturbations, even for some non-compact manifolds [ST21].
Two continuous invariants The first motivation to study the continuity properties of htop on

pGpQq, dC0q is that there are two functions on pGpQq, dC0q which bound htop from below and
which are clearly continuous in pGpQq, dC0q: the volume entropy hvol and the exponential growth
rate ΓMorse of the Morse homology of the based loop or free loop space. The fact that hvol is a
lower bound for htop is due to Manning [Man79], and the fact that ΓMorse is a lower bound for
htop is due to Paternain [Pat92] (in the case of based loop spaces) and [Mei18] (in the case of free
loop spaces). These two functions either vanish on all of GpQq or are positive for every element
of GpQq. If one of these functions does not vanish, then the topological entropy is robust for all
g P GpQq in the sense that for any g P GpQq there is c ą 0 and an open neighborhood Ug of g in
pGpQq, dC0q such that

(1.2) htoppϕg1q ą c for all g1 P Ug.
This shows that for manifolds with positive hvol or positive ΓMorse the topological entropy of
geodesic flows cannot be destroyed by C0-small perturbations. Our main results show that some
of this robustness persists for manifolds with vanishing hvol and ΓMorse. See for example Theorem
10, which shows that C8 generic metrics on the two-dimensional torus have robust htop.

Homogeneity We proceed to discuss the differences between htop and the functions hvol and
ΓMorse. Recall that the volume entropy hvolpgq of pQ, gq measures the exponential growth rate of

1Moreover, the logarithms of these quantities are Lipschitz with respect to dC0 .
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the volume of Riemannian balls with respect to the radius on the universal cover of pQ, gq. To prove
that hvolpgq is continuous on pGpQq, dC0q we first observe that hvol is monotonous: if g, g1 P GpQq

and g ď g1 then hvolpgq ě hvolpg
1q. Furthermore, hvol is homogeneous: hvolpCgq “ C´

1
2hvolpgq.

The continuity of hvol on pGpQq, dC0q follows easily from these two properties. The function
ΓMorse is also monotonous and homogeneous on GpQq, and this was explored in [Dah21] to study
C0-robustness of htop of geodesic flows, and more generally Reeb flows. Since monotonous and
homogeneous functions on GpQq are either 0 or always positive, the homogeneous function htop

cannot be monotonous for metrics on the torus. Moreover, Theorem 12 shows that it is possible
to increase htop arbitrarily with C0-small perturbations on pGpQq, dC0q. In particular this implies
that C0-near any metric we can find another metric that doubles its entropy. It follows that

Corollary 1 (From Theorem 12). Topological entropy of geodesic flows is not homogeneous on
any closed manifold of dimension at least 2.

The set of high entropy metrics The results of this paper show that on the other hand in
many situations htop can not be arbitrarily decreased by small perturbations on pGpQq, dC0q.
Theorem 34 shows that on the 2-torus, a generic metric has robust positive topological entropy
and Theorem 12 shows that on any manifold of dimension at least 2 the set of robust high entropy
metrics is C0-dense.

Our results and this discussion suggest the following conjecture:

Conjecture 2. If Q is a closed surface, then htoppgq is robust whenever it does not vanish.

Although all methods presented in this paper yield robust lower bounds which are not sharp,
we ask also the following question, that, if answered in the affirmative, implies Conjecture 2.

Question 3. Is, for any closed surface Q, htop lower semi-continuous on pGpQq, dC0q?

The C0 distance dC0 is a variant of the Riemannian Banach-Mazur distance dRBM defined by
Stojisavljević and Zhang in [SZ19], a pseudo-metric on GpQq.2 dRBM is defined as dRBMpg, g

1q :“
inf dC0pg, ϕ˚g1q, where the infimum is taken over all diffeomorphisms ϕ : Q Ñ Q. The pseudo-
metric dRBM itself is an adaption to GpQq of the symplectic Banach-Mazur distance, that was
first proposed by Ostrover and Polterovich to study the symplectic geometry of Liouville domains
and studied e.g. in [SZ19, Ush20]. In [SZ19] the authors investigate the large scale geometry of
pGpQq, dRBMq and one of their result is that for Q “ T 2 and every n P N there is a quasi-isometric
embedding Φn : pRn, | ¨ |8q Ñ pGpT 2q, dRBMq

3, so informally speaking pGpT 2q, dRBMq is ”very
large” in the metric sense. The construction in [SZ19] can be easily modified to have its image in
the set of high entropy metrics by adding a C0-small modification, cf. Corollary 13.

Mañé’s formula for the topological entropy In [Mn97], Mañé established the following remark-
able formula for the topological entropy of the geodesic flow of a C8-smooth Riemannian metric
g on a manifold Q:

(1.3) htoppφgq “ lim
TÑ`8

1

T

ż

QˆQ

logpN g
T pp, qqqdωgppqdωgpqq.

Here, N g
T px, yq denotes the number of geodesic chords of g from p to q with length ă L, dωgppq

means integration in the variable p with respect to the Riemannian volume form ωg on Q associated
to g, and dωgpqq means integration in the variable q with respect ωg. This formula gives a
characterisation htoppφgq in terms of the purely geometric quantity which appears in the right side
of (1.3).

The right side of (1.3) is the exponential growth of the average number of geodesics connect-
ing two points of Q. Using Mañé’s formula our results provide a surprising robustness of this
exponential growth in case Q is a surface. For example, Theorem 34 imply that for a C8-generic
metric g on T 2 this exponential growth is positive and cannot be completely destroyed by C0-small

2We note that the continuity and local robustness results for htop in this paper still hold when considering dRBM

instead of dC0 .
3In fact, it is an embedding into the space of metrics with fixed volume and diameter bounded by a fixed

constant.
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perturbation of g. This is far from obvious, given that the counting function N g
T pp, qq can undergo

dramatic changes when we make a a C0-small perturbations.

1.2. Results, strategy and layout of the paper. To highlight a metric g with robust entropy,
we proceed in two steps. First we show a forcing type argument, which is a geometric feature of g
that implies positivity of the entropy. One of best known example is a theorem of [DM98] stating
that a metric on the torus which admits a contractible closed (non constant) geodesic must have
positive entropy. Then, we show that the forcing situation is C0 robust, that is, persists after
dC0 -small perturbation of g.

The analogy with [DM98] is not incidental. In Section 2 we describe how a closed contractible
geodesic in the 2-torus forces robust topological entropy:

Definition 4. Let Π : R2 Ñ T 2 “ R2{Z2 be the canonical projection and gflat the pushforward
by Π of the euclidean metric. For any metric g P GpT 2q define Dpgq “ edC0 pgflat,gq.

Theorem 5. Let g0 be a Riemannian metric on T 2 with a closed contractible geodesic. Then g0

has robust topological entropy.
Moreover the following holds. Given δ ą 0 there is ε ą 0 such that for all g with dC0pg, g0q ă ε

(1) htoppgq ą pr

?
Dpg0qΛ

2 ` δs
a

Dpg0q ` δq
´1 logp3q, where Λ “ lg0pγ0q if g0 is bumpy and

Λ “ 2plg0pγ0q `
a

Dpg0qq in general.

(2) htoppgq ą min

"

1?
4areag0 pT

2q`L2
, 2

3L

*

logp2q, where L “ lg0pγ0q if g0 is bumpy and L “

maxt4
a

4areag0pT
2q ` lg0pγ0q

2, 3lg0pγ0qu in general.

The two parts of this theorem have similar, yet different core ideas. For a clean exposition,
we prove the first part of this theorem first in the case where g0 is bumpy in Subsection 2.1,
then in Subsection 2.2 in the degenerate case. We then prove the second part of the theorem in
Subsection 2.3.

A corollary of Theorem 5 which we believe to be interesting in its own right is the following:

Corollary 6. Let g be a Riemannian metric on the 2-torus whose area is ď 1 and which has a
closed contractible geodesic whose length is ď 1. Then, htoppφgq ě

1
20 .

An interesting question is to know if this result remains true without any assumption on the
length of the closed contractible geodesic, i.e., if there is a lower bound for the htop of geodesic
flows of Riemannian metrics on the 2-torus with area 1 and which have a closed contractible
geodesic.

One result which is needed for Theorem 5 and throughout the paper is presented in Appendix A,
where we prove C0-robustness of the length spectrum of a Riemannian manifold with bumpy
metric. We do this with the aim to search the lowest possible amount of technology with which
to show robustness of the length spectrum in the non-degenerate case. The main statement is the
following, for the definition of topological non-degeneracy see Definition 48.

Proposition 7. Suppose that 0 ‰ e P pa, bq is the only energy value of a closed geodesic, and that
all geodesics with energy e are (topologically) non-degenerate. Then, any C0-close Riemannian
metric has a closed geodesic in the same homotopy class with energy close to e.

Remark 8. For the first bounds in Theorem 5 the condition for g0 to be bumpy is stronger than
necessary; It would suffice to ask that only γ0 is non-degenerate. Correspondingly, in Proposition 7
one may ask that γ0 is topologically non-degenerate and isolated in the loop space instead of its
energy value to be isolated in the energy spectrum. However, this would significantly complicate
the proof of the proposition, cf. Remark 49, and since we also treat the degenerate case, this
additional complication would yield no significant improvement for our theorem.

In Section 3, we turn our attention to the volume entropy (to be defined in paragraph 1.4) for
hyperbolic metrics on the one-holed torus. The volume entropy is a lower bound for the topological
entropy, so that a metric with robust hvol has in particular robust htop. Consider again the set of
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metrics on the 2-torus such that they admit a non-constant simple closed contractible geodesic.
This geodesic is in particular separating, one component of its complement is a disk, the other is
a one-holed torus. In Section 3, we assume that the metric on the one-holed torus is hyperbolic
(constant curvature -1). Denote by H this set of metrics on the torus. We prove the following
result.

Theorem 9. Any Riemannian metric g P H has robust hvol and thus robust htop.

Following the general approach (forcing plus robustness), in Section 4, we show that a certain
configuration of curves in the torus, which we call a ribbon, forces robust topological entropy.
Moreover, this condition is C8 generic, leading to a series of theorems that are more precisely
stated in Theorem 30-34.

Theorem 10. Four closed geodesics on the 2-torus that form a ribbon force robust htop. A C8

generic metric possesses four closed geodesics that form a ribbon and has thus robust htop.

In Section 5, we find a robust (albeit non-generic) forcing condition, which we call retractable
neck with entropic body on a Riemannian manifold of any dimension. The following theorem is
more precisely stated in Theorem 42:

Theorem 11. Let the closed Riemannian manifold pM, gq (of any dimension) have a retractable
neck and entropic body. Then, g has robust htop.

This condition readily comes with an explicit construction, see Example 43, which allows to
prove the following statements on the size of the space of metrics with high entropy which we
denote by GepQq “ tg P GpQq | htoppgq ą eu

Theorem 12. Given any closed manifold Q of dimension at least 2. For any e ą 0 and for any
metric g P GpQq, there is a C0-continuous path gpsq : p0,8q Ñ GepQq with dC0pgpsq, gq ă s such
that for all s the dC0-ball of radius rpsq “ s`3

2`ps`1qe´s{8
around gpsq has high entropy:

ď

s

Brpsqpgpsqq Ď Ge.

Please note that in our construction rpsq does not depend on e, but the path gpsq does.

Corollary 13. ‚ For any e ą 0, GepQq “ tg P GpQq | htoppgq ą eu is C0-dense in GpQq.
‚ As limsÑ8 rpsq “ 8, we find arbitrarily big balls of arbitrarily high entropy.
‚ For Q “ T 2 let GpT 2q be the set of metrics with volume 1 and diameter ď 101. Then, for

every n P N there is a quasi-isometric embedding Φn : pRn, | ¨ |8q Ñ pG
e
pT 2q, dRBMq.

1.3. Related developments. In an ongoing joint project of the authors Alves, Dahinden and
Meiwes with Abror Pirnapasov, we are working to generalise some of the results of the present
paper, such as item p1q of Theorem 5 and Theorem 34, to the category of Reeb flows. Reeb flows
on contact 3-manifolds are a generalisation of geodesic flows of Riemannian metrics on surfaces,
and the C0-distance on the space of contact forms considered in [Dah21] generalises to the space
of Reeb flows on unit tangent bundles of surfaces (endowed with the geodesic contact structure)
the C0-distance on the space of Riemannian metrics of surfaces that we consider here. For this
generalisation one must use symplectic topological methods developed in [AP21] to study htop of
Reeb flows.

On the other hand Corollary 6 cannot be generalised to the category of Reeb flows. Using
the methods of [AASS] one can construct Reeb flows on the 3-torus pT 3, ξgeoq endowed with the
geodesic contact structure which contradict any reasonable generalisation of Corollary 6.

The questions considered in the present paper were inspired by [Dah21] and [CM21].

1.4. Setup and Definitions. Let pQ, gq be a compact Riemannian manifold. Throughout this
paper, we will be interested in ergodic properties of its geodesic flow. Let T 1Q denote the unit
tangent bundle of Q. For a vector v P T 1Q, we consider the geodesic γv defined by the initial
condition γ1vp0q “ v.
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The geodesic flow of pQ, gq, denoted ϕtg (we may sometimes omit t or g when the context is
clear) is defined by

ϕtg : T 1Q ÝÑ T 1Q
v ÞÝÑ γvptq

.

When Q is a manifold with boundary, we restrict ϕt to the recurrent set in T 1Q.

Entropies. Denote by Γtfptq :“ lim supt
1
t log fptq the exponential growth in t of a function fptq.

We use the following definition of topological entropy:

Definition 14. Let ϕ : pM,dq Ñ pM,dq be a continuous self map of a compact metric space.
Define the dynamical metric

dkpx, yq “ sup
0ďlďk

dpϕlx, ϕlyq.

A pδ, kq-separated set is a set whose points have pairwise dk-distance ě δ. Topological entropy of
ϕ is then defined as follows:

htoppϕq “ lim
δÑ0

Γk sup
∆

|∆|,

where the supremum runs over all pδ, kq-separated sets. There exists a ”dual” characterization
of the entropy with spanning sets instead of separated sets. Note that for any fixed δ ą 0 any
sequence ∆k of pδ, kq-separated sets provides the lower bound

htoppϕq ě Γk|∆k|

on the entropy. This is how we obtain all lower bounds to the entropy in this paper. The difficulty
is to find a growing sequence, i.e., one that provides a positive lower bound.

Topological entropy is well known to be independent of the choice of metric (generating the
same topology). Further, if ϕ : RˆM ÑM is an autonomous flow, then it is well known that

htoppϕ
1q “

1

T
htoppϕ

T q

for any T ą 0.
We say the topological entropy htoppgq of a geodesic flow on a Riemannian manifold is the

topological entropy of its time-1 geodesic spray in the unit sphere bundle.

4
Volume entropy is a related invariant, more geometric in nature. Let M be a closed manifold

(possibly with non empty boundary) and ĂM its universal cover that we endow with the metric

pulled-back from M . We choose a basepoint x P ĂM .

Definition 15. By a result of [Man79], the following limit exists, is independent of the basepoint
x and we call it the volume entropy of M .

hvol “ lim
RÑ8

log VolBpx,Rq

R

where Bpx,Rq is the ball of radius R centered at x in the universal cover ĂM .

4
Comparison between hvol and htop is done in [Man79]: we have

hvol ď htop

for any closed manifold M . Note that the result also applies to manifolds with boundary. Even
if this case is not stated in [Man79], the same proof extends to this case. Equality happens, e.g.,
when M has nonpositive curvature.

In the context that we have in mind, the above inequality simply reformulates as the fact that
a metric with robust hvol also has robust htop.
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Length, energy, area and loop spaces. Let Q be a closed manifold. Let g be Riemannian metric
on Q The length resp. energy of a smooth curve x : r0, 1s Ñ Q with respect to g are

lgpxq “

ż 1

0

a

gpx1ptq, x1ptqq dt, resp.

Egpxq “
1

2

ż 1

0

gpx1ptq, x1ptqq dt.

Note that, for C ą 0, lgpxq “
1?
C
lCgpxq, and Egpxq “ 1

C ECgpxq, where Cg is the metric Cgpv, wq :“

Cpgpv, wqq.
If Q is a surface and Σ Ă Q a subsurface, denote by areagpΣq “

ş

Σ
σg the area of Σ, where σg

is the Riemannian volume form of g.
We use the following notations for various versions of loop spaces:

LQ :“ tγ : S1 Ñ Q | γ smoothu,

LQăpďqag :“ tγ P LQ | Egpγq ă pďqau,
LαQ :“ tγ P LQ | rγs “ αu,

LαQăpďqag :“ tγ P LαQ | Egpγq ă pďqau.

Robustness. We are interested in conditions under which the entropy of the geodesic flow is robust
under C0-perturbation of the metric. Let us formulate the robustness property in which we are
interested. Let Q be closed manifold, equipped with a metric g.

Definition 16. Let ε ą 0. We say that g has ε-robust htop if there is c ą 0 such that for all
metrics g1 with dRBMpg, g

1q ă ε we have htoppg
1q ě c. For abbreviation we say that g has robust

htop if it has ε-robust htop for some ε ą 0.

Remark 17. It seems that there is no established terminology for this property in the literature.
In other places, g may be said to have stable htop or to be entropy non-collapsing.

A preliminary robustness lemma. We describe the (classic) mechanism that deduces positive
topological entropy from many homotopically different periodic orbits.

Two free homotopy classes α, β are coprime if they are not multiple covers of a common class γ.
Equivalently, they do not possess homotopic multiple covers nα ‰ mβ.

Lemma 18. Let Sg be a compact Riemannian manifold. Let Pg be a set of pairwise periodic
g´geodesics in pairwise coprime homotopy classes and let tPLg uLPR be the filtration by g-length.

Suppose that ΓLp#PLg q ě γ. Then, htoppgq ě γ.

Proof. This follows from [Alv16, Theorem 1]. It can also be obtained using the same argument
used to prove Manning’s inequality in [Man79]. �

2. A robust version of Denvir-MacKay theorem

The aim of this section is to show Theorem 5. This builds upon [DM98], where it is shown
that a closed contractible simple geodesic implies the existence of many other geodesics. We first
prove in Subsection 2.1 item (1) of Theorem 5 in case γ0 is topologically non-degenerate. For the
notion of topological non-degeneracy see Definition 48. In Subsection 2.3, we provide an explicit
robustness constant in terms of area and minimal length of closed contractible geodesic that is
stated item (2) Theorem 5.

2.1. Proof of item (1) of Theorem 5 in case γ0 is non-degenerate. The strategy is to
combine the robustness of closed contractible geodesics with the proof that a closed contractible
orbit implies positive topological entropy.

Before presenting the proof, we recall some preliminary notions which will be needed in the
proof. We fix, once and for all, a covering map Π : R2 Ñ T 2, such that the group G of deck
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transformations associated to Π is the group composed by translations of R2 by vectors pm,nq
where m and n are integers. In other words

G “ tTpm,nq | m and n P Zu,

where Tpm,nq : R2 Ñ R2 is given by Tpm,nqpx, yq “ px`m, y` nq. It is clear that for any choice of

real numbers a and b the unit square ra, a` 1s ˆ rb, b` 1s Ă R2 is a fundamental domain for the
covering Π.

Let σ be an immersed closed contractible curve in T 2 with only transverse self-intersections. A
lift of σ is an immersed closed curve rσ in R2, such that for any parametrisation f : S1 Ñ rσ of rσ
the composition Π ˝ f is a parametrisation of σ.

We will need the following elementary lemma.

Lemma 19. Let g be a Riemannian metric on T 2 and fix a number l ą 0. Then, if σ is an
immersed closed curve in T 2 with only transverse self-intersections and g-length ă l, every lift rσ

of σ is contained in a square of the form ra` r
Dpgql

2 s, b` r
Dpgql

2 ss.

Recall that we defined Dpgq “ edC0 pgflat,gq.

Proof. Since the g-length of σ is ă l, the gflat-length of σ is ă Dpgql, which implies that any lift rσ
of σ has length ă Dpgql with respect to the flat metric in R2. Let pleft be a leftmost point of rσ and
pright be a rightmost point of rσ. Since σ has length ă Dpgql and has to travel from pleft to pright

and back to pleft by running a distance smaller then its length, we conclude that the Euclidean

distance between pleft to pright is ă Dpgql
2 . We conclude that rσ is contained in a vertical strip of

R2 with width ă Dpgql
2 .

Reasoning similarly for an uppermost point and a lowermost point of rσ we conclude that rσ

must be contained in a horizontal strip of width ă Dpgql
2 . This establishes the lemma. �

We are now ready to proceed with the proof.
Step 1: Robustness of the length spectrum. If γ0 is a closed contractible topologically

non-degenerate geodesic of g0, then for a sufficiently small δ ą 0 there is an ε ą 0 such that every
Riemannian metric g whose dC0-distance to g0 is ă ε has a closed contractible geodesic γ with
|lgpγq ´ lg0pγ0q| ă δ and |lg0pγq ´ lg0pγ0q| ă δ. Since Dpgq also varies continuously with respect to
dC0 , we can choose ε ą 0 to be small enough so that Dpgq ă Dpg0q ` δ.

This is well known. In Appendix A we present a proof using very low-tech strategies.
Step 2: Simplifying the geodesic. We start with the closed contractible geodesic γ for g

from Step 1. Denote by γ̃ a lift to the universal cover R2, which is a closed geodesic of rg :“ Π˚g
because γ is contractible. Denote by S the closure of the unbounded component of R2 z γ̃, a set
that is homeomorphic to a plane minus an open disk. Let α be one of the two non-trivial free
homotopy classes of loops in S which contains embedded loops; these are the classes of curves in
S which encircle once the disk which was removed from R2. Using the curve shortening flow and
reasoning as in the proof of Lemma 2 of [Ang05] one obtains a contractible simple closed geodesic
γα of rg in the homotopy class α, whose g-length is the minimal possible length for all curves in
the homotopy class α.

Combining this discussion with Lemma 19, we conclude that there rγ is contained in a square

of the form ra` r

?
Dpgqlgpγq

2 s, b` r

?
Dpgqlgpγq

2 ss. For simplicity, we let N :“ r

?
Dpgqlgpγq

2 s.

Let pG be the subgroup of G generated by TN,0 and T0,N . Since γα is a simple closed curve in R2

contained in a fundamental domain ra`N, b`N s of pG, it is a simple contractible closed geodesic

in the quotient Riemannian manifold p pT , pgq that is obtained by quotienting pR2, rg :“ Π˚gq by the

action of pG.
Step 3: Many free homotopy classes. Since rγ is a simple contractible closed geodesic in

pT , it bounds a disk pD in pT . The surface S :“ pT z pD is diffeomorphic to the torus minus a disk, so

that π1S is the free group with two generators. Let α1 be the projection of ra, a`N s ˆ tbu to pT

and α2 be the projection of tau ˆ rb, b`N s to pT : tα1, α2u is a basis of π1S.
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We proceed to estimate the pg-length of α1 and α2. It is clear that

l
pgpα1q “ Nl

rgpra, a` 1s ˆ tbuq and l
pgpα2q “ Nl

rgptau ˆ rb, b` 1sq.

We know that maxtl
rgptau ˆ rb, b` 1sq, l

rgpra, a` 1s ˆ tbuqu ď
a

Dpgq.
Recall that the set of free homotopy classes of loops ΩpSq in S equals the set of conjugacy classes

of π1pSq. Given a number n we denote by ΩnpSq to be the set of elements in ΩpSq which have at

least one representative in π1pSq with word length ď n. It is well-known that #ΩnpSq ě
8p3qn´2

n .
Let ρ P ΩnpSq. Because we can represent ρ as a word in α1 and α2 with word length ď n, we

can find curves in ρ whose length is ď NeDpgqn. Since pS, pgq is a Riemannian surface with geodesic
boundary, there exists a minimizing closed geodesic γρ of pS, pgq in ρ contained in the interior of

S. The length of γρ is ď N
a

Dpgqn

Step 4: Many geodesics lead to entropy. Let NCppgq be the set of prime minimizing closed

geodesics of length ď C in pS, pgq and rNCppgq be the set of minimizing closed geodesics of length

ď C in pS, pgq. A simple computation shows that the exponential growths lim supCÑ`8
logp#NC

ppgqq
C

of NCppgq and lim supCÑ`8
logp#ĂNC

ppgqq
C of rNCppgq are the same.

But

lim sup
CÑ`8

logp# rNCppgqq

C
ě

1

N
a

Dpgq
lim sup
nÑ`8

logp#ΩnpSqq

n
ě

logp3q

N
a

Dpgq
.

Let ϕ
pg be the geodesic flow of pg on T 1

pT . We consider the set of globally minimizing geodesics
of pS, pgq. The lift of this set is a compact invariant set C of ϕ

pg completely contained in T 1S.
The lift of every minimizing closed geodesic of pS, pgq belongs to C. Reasoning as in the proof
of Manning’s inequality one obtains that the exponential growth of NCppgq is a lower bound for
htoppϕpg|Cq. Noting that two different prime closed geodesics of pS, pgq give closed trajectories of ϕ

pg

in C which are not homotopic in T 1S, one can also obtain that the exponential growth of NCppgq
is a lower bound for htoppϕpg|Cq by using Theorem 1 of [Alv16]. We have thus concluded that

htoppϕpgq ě htoppϕpg|Cq ě
logp3q

N
a

Dpgq
.

Since htoppϕpgq “ htoppϕgq we have shown that for every Riemannian metric g with dC0
pg, g0q ă ε

we have htoppϕgq ě
logp3q

N
?
Dpgq

, which completes the proof of the theorem. �

2.2. Proof of item (1) of Theorem 5 in case γ0 is degenerate. In the degenerate case we
face the problem that the closed contractible geodesic may not persist after perturbation of the
metric. It is easy to construct examples where it does not. However, in the following proof we are
able to show that there are different contractible geodesics that will persist. The proof follows the
scheme of the non-degenerate case.

Proof. Step 1: Simplifying the geodesic. First, it is sufficient to consider the case where
the lift rγ0 to R2 is a simple closed contractible curve. This follows from [Ang05] who showed
any Riemannian metric on T 2 with a closed contractible geodesic α with length l has a a closed
contractible geodesic α1 whose length is ď l and whose lift to R2 is simple. For completeness we
sketch the proof of this fact. If a lift rα of α is simple there is nothing to be done. Otherwise,
letting Σ be the closure of the unbounded component of R2zrα, we know that BΣ is a geodesic
polygon formed by pieces of rα, and the length of BΣ is clearly smaller than l. Perturbing BΣ to a
curve completely contained in the interior of Σ and applying the curve shortening flow one obtains
the desired α1.

Reasoning as in the proof of the non-degenerate case we obtain a square of the form ra, a `

r

?
Dpg0q

2 ss ˆ rb, b ` r

?
Dpg0q

2 ss. We let p pT 2, pg0q be the quotient of pR2, π˚g0q by the group of

translations generated T0,M and TMs,0, where M :“ r

?
Dpg0q

2 s.

We denote by S the non-contractible component of pT 2zimpγ0q and by D its complement. Note
that BD Ď impγ0q.
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γ0 γ
′

0

ι

ς

Figure 1. The construction of the curve ς.

Step 2: Finding the geodesic.
Fix a lift rγ0 and let rγ0

1 be the the closest lift of γ0 which does not intersect rγ0. The distance
between rγ0 and rγ0

1 is ď
a

Dpgq: this is an elementary exercise and we leave this as an exercise

to the reader. We let ι be the shortest geodesic of π˚g0 connecting rγ0 and rγ0
1. Let then ς be a

simple closed curve in R2 contained in a small tubular neighbourhood of rγ0 Y rγ0
1
Y ι, and such

that the bounded component of R2zς contains both rγ0 and rγ0
1; see Figure 1.

We denote by ρ the free homotopy class of loops in S which contain the projection of ς to S.
The class ρ has the following properties:

(1) Curves in ρ are not contractible in S,
(2) curves in ρ are contractible in T 2,
(3) curves in ρ are not homotopic to BS in S.

Given any ε ą 0, there are curves in ρ with length ď 2plg0pγ0q`
a

Dpg0qq` ε. This is obtained by

considering curves homotopic to ς and contained in sufficiently small neighbourhoods of rγ0Y rγ0
1
Yι;

see Figure 1.
We define

σρ :“ inf
γPρ

Eg0pγq.

By the remark above we know that σρ ď 2plg0pγ0q `
a

Dpg0qq The infimum σρ is actually a
minimum, and this can be proved using piecewise smooth geodesics and the strategy to prove
[Jos08, Theorem 1.5.1]. Let Aρ be the set of curves in S whose g0-energy is σρ. They are all
smooth geodesics of g0.

Step 3: Repelling boundary We show that energy minimising curves have to be contained
in the interior of S.

Lemma 20. Given ρ as in the last step, there is δρ ą 0 such that every loop in ρ that intersects
BS has energy ą σρ ` δρ.

Proof. If this is false, then we find a sequence τm of C8 loops in ρ that touch BS with Eg0pτmq Ñ σρ.
Then it is possible to find a natural number K and replace τm by a sequence of piecewise smooth
geodesics pτm in ρ with at most K corners and satisfying Eg0ppτmq Ñ σρ.

4 Then, pτm converges up
to subsequence to a piecewise smooth geodesic τ that touches the boundary and that has energy
Eg0pτq “ σρ. Because Eg0pτq “ σρ it must be a smooth geodesic and since it is contained in S and
touches BS it must be tangent to BS. This implies that τ is a geodesic tangent to the geodesic BS
and thus τ coincides with BS. But this is impossible because curves in ρ are not homotopic to the
boundary. �

4To guarantee that we can find a uniform bound on the number of corners of elements of the sequence one uses
that pS, g0q has geodesic boundary and that its convexity radius is therefore positive.
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Step 4: Perturbing the metric. Consider now the open set Vδρ{2 of loops contained in S

and belonging to ρ with energy in the interval rσρ, σρ` δρ{2q. From Step 3, all loops in Vδρ{2 have
image in the interior of S.

Denote by Uε the set of Riemannian metrics g satisfying p1´ εqg0 ă g ă p1` εqg0. For g P Uε
and any τ 1 PW 1,2pS1, T 2q we have

p1´ εqEg0pτq ă Egpτ
1q ă p1` εqEg0pτq.

Choose ε ą 0 small enough such that

(2.1) p1` εqσρ ă p1´ εqpσρ `
δρ
2
q

Then, we can show that any g P Uε has a closed contractible geodesic which belongs to Vδρ{2.
For this we reason as follows:

Let γρ be a geodesic of g0 in the class ρ and with Eg0pγρq “ σρ. The curve γρ is in the interior

of Vδρ{2. We have

Egpγρq ă p1` εqσρ.

Let φg be the negative gradient flow of Eg. Then φtgpγρq P V δρ{2 for all t ě 0 because Eg decreases

along trajectories of φg and because for all τ 1 P BV δρ{2 we have

Egpτ
1q ě p1´ εqEg0pτ

1q “ p1´ εqpσρ ` δρ{2q ě p1` εqσρ ą Egpγρq.

It follows that φtgpγρq cannot cross the boundary of Vδρ{2 and is thus trapped in Vδρ{2. By Palais-

Smale φtgpγρq converges to a geodesic γ of g which must then be in Vδρ{2. The geodesic γ has
image in the interior of S and belongs to ρ.

Step 5: Uniform lower bound on the entropy. To obtain a uniform lower bound on the
topological entropy of metrics in Uε one uses an argument with finite covers identical to the one
used in the proof of the non-degenerate case. The crucial point is that the Riemannian metric g
has a contractible closed geodesic whose length is very close to σρ ď 2plg0pγ0q `

a

Dpg0qq.
�

2.3. A lower bound on topological entropy in terms of surface area. The lower bound
on the topological entropy obtained in the proofs of the first part of Theorem 5 depends on the
number of fundamental domains a lift of a closed contractible geodesic in the torus pT 2, gq of a
fixed length may intersect. A metric invariant that often appears naturally in the investigation of
lower bounds on entropy is the surface area. In this section we observe that there is a lower bound
depending only on surface area and minimal length of closed contractible geodesics on pT 2, g0q.
Since surface area C0 continuously depends on the metrics on T 2 this gives an alternative robust
bound.

The main additional idea is to first find for a genus 1 surface pΣ, gq with one (geodesic) boundary
component γ two short curves u` and u´ that generate exponential growth rate logp2q in the
fundamental group of Σ, where the length of u` and u´ are bounded in terms the length of γ and
the area of pΣ, gq.

Precisely, let Σ be a surface homeomorphic to a torus with boundary. We endow Σ with a
Riemannian metric g such that the boundary curve is a geodesic. This is in particular the situation
given by a closed geodesic on a torus, of which we remove the simply connected component of
the complement of the geodesic. We fix an orientation of Σ which induces an orientation on BΣ.
Denote by L the length of BΣ and by A the area of pΣ, gq.

We consider the following set of curves:

B “ tβ : I Ñ Σ with βpBIq Ă BΣ and rβsnon trivial and non homotopic to BΣu

and the quantity

d “ inf tlgpβq , β P Bu .
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The infimum is obtained. Let α be a curve in B such that lgpαq “ d. Let x P Σ be the point of α
that divides it in two paths of equal length d{2, α´ the restriction of α to the path between αp0q
and x; α` the restriction of α to the path between x and αp1q.

Let us denote also by γ´ and γ` two paths in BΣ (disjoint up to the endpoints) with γ´p0q “
γ`p0q “ αp1q and γ´p1q “ γ`p1q “ αp0q (one of which is constant if the endpoints of αp0q “ αp1q
are the same). We choose these path such that γ` follows BΣ in positive orientation and γ´ follows
BΣ in negative orientation.

We consider the two homotopy classes ξ˘ P π1pΣ, xq:

ξ˘ “ rα` ¨ γ˘ ¨ α´s .

We need to argue that, first, we can find representatives of ξ˘ of small lengths and, second,
that ξ˘ generate exponential growth in π1pΣ, xq.

Representatives of small lengths. The general argument is to consider a family of closed
curves such that each one together with BΣ bounds an annulus in Σ. Integration on their lengths
will show that there is an upper bound on the lengths of smallest representatives of ξ˘ in terms
of A and L.

Lemma 21. There exist representatives of ξ˘, both of lengths smaller than M :“
?
L2 ` 4A.

Proof. We introduce the equidistant sets for t ă d
2 ,

Gt “ tx P Σ; distgpx, BΣq “ tu .

It follows from a classical result of Hartman [Har64], see also [SST03, Theorem 4.4.1], that there
is a closed set of zero Lebesgues measure of exceptional parameters E Ă r0, d{2s such that for all
t P R :“ r0, d{2szE, Gt consists of finitely many connected components, each beeing the image of
a piecewise smooth closed simple path. In particular, the length lgpGtq of Gt is well-defined for
t P R. Moreover, if we denote Bt :“ tx P Σ; distgpx, BΣq ď tu, which is a subsurface in Σ bounded

by BΣ and Gt, then for t P R, d
dtareagpBtq “ lgpGtq.

It is straightforward to see that α is not contained in Bt. Note also that, if t ă d{2, Bt has genus
zero. Take the collection of discs in Σ that any component of Gt may bound in the complement

of Bt and attach it to Bt. We denoted this surface by ĂBt.

Claim 22. ĂBt is an annulus that is bounded by BΣ and one distinguished connected component
γt of Gt.

Proof: Assume by contradiction that the boundary of ĂBt has more than one connected com-
ponent besides BΣ. Then there exist a path β, completely contained in Bt, with endpoints in BΣ,
and which is non-homotopic in Σ relative to BΣ to a path in BΣ. Let l0 be the infimum of the
lengths of such paths. We claim that l0 ă d which contradicts the definition of d. For this, choose
β as above to have length l0 ď lgpβq ă l0 ` pd ´ 2tq. There is a point y on β that divides β into

two subpaths β0 and β1 of equal length lgpβq{2. By the definition of Bt, there is a path β̂ from y

to BΣ in Bt of length ď t. Either the concatenation of β0 ¨ β̂ or β1 ¨ β̂ is non-homotopic relative
BΣ to a path in BΣ. Hence l0 ď lgpβq{2` t ă l0{2` d{2, and hence l0 ă d. �

Via the annulus that γt and BΣ bound we choose the orientation of γt to be parallel to that
of BΣ. For each t P R, t ă d, both paths, α` and α´, intersect γt in some point, say zt` and zt´,
respectively. Let αt´ be the subpath of α´ from zt´ to x, and αt` be the subpath of α` from x to
zt`. Let γt` and γt´ be two path on γt (disjoint up to the endpoints) with γt`p0q “ γt´p0q “ zt`
and γt`p1q “ γt´p1q “ zt´. We choose these path such that γt` follows γt in positive orientation
and γt´ follows γt in negative orientation. Consider the loops ut˘ “ αt` ¨ γ

t
˘ ¨ α

t
´. By the choice of

orientations we have that rut˘s “ ξ˘ P π1pΣ, xq. The point zt˘ P γ
t are at distance t from BΣ, by

the definition of γt. Hence, the length of ut˘ satisfy

lgpu
t
˘q ď d´ 2t` lgpγ

tq.

We will show that there is t P R such that the length of both ut˘ is ăM . (Note here, that also
0 P R, and lgpu

0
˘q ă L` d). Assume the contrary. This means that for all t P R,

lgpγ
tq ěM ` 2t´ d.
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Now, for any 0 ď σ ď d{2,

A ě areagpBd{2q ´ areagpBd{2´σq ě
ż d{2

d{2´σ

lgpγ
tq dt

ě

ż d{2

d{2´σ

M ` 2t´ d dt “

ż σ

0

M ´ 2s ds “Mσ ´ σ2,

(2.2)

hence for all 0 ď σ ď d{2,

0 ď σ2 ´Mσ `A “

ˆ

σ ´
1

2
pM ´

a

M2 ´ 4Aq

˙ˆ

σ ´
1

2
pM `

a

M2 ´ 4Aq

˙

,

which means that
M ´

a

M2 ´ 4A ą d,

so M ´ L ą d, and therefore M ą d` L ě lgpu
0
˘q, a contradiction to our assumption. �

Generating growth. With Lemma 21 we obtain

Lemma 23. The number of free homotopy classes of loops in Σ that have a representative of
length ďMn is ě 2n´2

n .

Proof. π1pΣ, xq is a free group of two generators. It is straightforward to check, e.g. with the
help of the loops α and β of Figure 2, that we can choose two elements a, b P π1pΣ, xq that freely
generate π1pΣ, xq such that ξ´ “ a and ξ` “ b´1ab. For a given word w of length n in the letters
ξ` and ξ´, consider the word rw in the letters a and b that we obtain if expressing ξ´ as a and
ξ` as b´1ab and then reducing cyclically. It is straightforward to check that, if w1 ‰ w2 are such
words that are not of the form ξn` or ξn´, then rw1 ‰ rw2. The homotopy classes of free loops in Σ
correspond to conjugacy classes of elements in π1pΣ, xq. The latter correspond to words in a and b
up to cyclic reduction and cyclic permutation. Hence by Lemma 21 and the above considerations,
the number of homotopy classes of loops in Σ that have a representative of length ď Mn is at
least 2n´2

n . �

With Lemmas 21 and 23 we prove the second part of Theorem 5.

Proof. Assume first that g0 is bumpy. Then, as above, there is for all ε ą 0 some δ ą 0 such that
for all g with dC0pg, g0q ă δ a closed contractible geodesic γ for g with length lgpγq ă lg0pγ0q ` ε.
Furthermore, by a sufficiently small choice of δ, one can additionally assume that areagpT

2q ă

areag0pT
2q ` ε. Therefore in this case it is enough to prove the lower bound for htoppϕg0q.

Denote G the group of deck transformations for the covering Π : ĂT 2 Ñ T 2, and choose a lift

rγ0 : S1 Ñ ĂT 2 of γ0.
We distinguish two cases:

(1) For all T P Gztidu, T pimprγ0qq X imprγ0q “ H,
(2) There is T P Gztidu, T pimprγ0qq X imprγ0q ‰ H.

If case p1q holds, then, as in Step 2 of the proof presented in section 2.1 for item (1) of Theorem 5,
we know that there is actually a simple closed contractible geodesic γ for g0 with length lg0pγq ď
lg0pγ0q. Denote D Ă T 2 the disc that is bounded by γ. Then, by Lemma 23 applied to Σ “ T 2zD,
and Lemma 18, we obtain that

htoppϕg0q ą
1

a

4areag0pΣq ` lg0pγq
2

logp2q ą
1

a

4A` lg0pγ0q
2

logp2q.

In case p2q, fix T P G, T ‰ id with T pimprγ0qq X imprγ0q ‰ H, and let k P N, k ě 2, with
k “ mintl P N | T lpimprγ0qq X imprγ0q “ Hu. Consider the lifts rγ1 “ T ˝ rγ0 and rγk “ T k ˝ rγ0. Then
rγ1 intersects both rγ0 and rγk, hence distΠ˚g0pimprγ0q, imprγkqq ă lg0pγ0q{2.

Choose S P G such that for all l P Zzt0u, and all m P Z, Slpimprγ0qqXT mpimprγ0qq “ H. Denote
xT 2 the quotient of ĂT 2 by the action of the subgroup of G generated by S and T k, and pΠ : xT 2 Ñ T 2

the induced covering map. By the choice of S, T and k, the projected curve pγ0 of rγ0 to xT 2 is a

closed geodesic of pΠ˚g0 that lies in one fundamental domain of the universal covering of xT 2. So,



14 MARCELO R.R. ALVES, LUCAS DAHINDEN, MATTHIAS MEIWES, AND LOUIS MERLIN

as argued before, if pγ0 is not simple, we may replace it by a closed simple geodesic on pxT 2, pΠ˚g0q

with length ď lg0pγ0q that encircles imppγ0q. Let pD be the disc bounded by pγ0, let pΣ “ xT 2z pD.
With analogous notation as before,

pB :“
!

β : I Ñ Σ with BI Ă BpΣ and rβsnon trivial and non homotopic to BpΣ
)

,

one has pd :“ inf
!

l
pΠ˚g0

pβq , β P pB
)

ď distΠ˚g0pimprγ0q, imprγkqq ă lg0pγ0q{2. Then, following the

construction in the proof of Lemma 21 and Lemma 23 one proves that

htopppϕg0q ą
1

3
2L

logp2q,

where pϕg0 denotes the geodesic flow on xT 2 with respect to the metric pΠ˚g0. Since htopppϕg0q “
htoppϕg0q, the assertion follows.

In the case that g is degenerate, one combines the argument for the proof of the degenerate
case of the first part of the theorem with the estimates obtained in the previous paragraph, and
observes that there is a locally energy minimizing closed contractible geodesic γ whose lift to the
universal cover encircles two distinct lifts of γ0 and whose length satisfies

lg0pγq ă max

"

4
b

4areag0pT
2q ` lg0pγ0q

2, 3lg0pγ0q

*

.

The estimates for htoppgq stated in the theorem follow as in the previous paragraph. �

3. Robustness of volume entropy and hyperbolic geometry.

We consider a torus with a boundary component Σ1,1, endowed with a hyperbolic metric.
Associated to this holed torus is its volume entropy, donoted hvol (cf. Definition 15). Note that
the universal cover is not the whole of H2 but only a convex subset of H2 bounded by the lifts of
the boundary curve L. Hence hvol is generally smaller than 1.

Both hvol and L are considered as functions on the Teichmüller space of Σ1,1.
We prove the following result

Theorem 24. If the volume entropy h tends to 0 in the Teichmüller space, then the boundary
length L tends to 8.

In other terms, to keep the entropy bounded away from 0, we need to bound from above the
boundary length. Note the analogy with Section 2 for the topological entropy. In this setting, the
bound on the area is implicit because any hyperbolic metric on the one holed torus has area 2π
by the Gauss-Bonnet formula

Proof. We rely on Figure 2: we choose α and β some generators of the fundamental group
π1pΣ1,1q “ F2, for which we denote by 2a and 2b the lenghts of the respective geodesic real-
izations once we fix a hyperbolic metric on Σ1,1. We also denote by γ the angle between the lifts
of α and β.

We consider some heights associated to α and β: they are two geodesic curves starting and
ending at the boundary and meeting respectively α and β orthogonally.

We then construct a fundamental domain for the action of π1 on H2 as in figure 2: it’s a octagon
made with (pieces of) lifts of heights and boundary curve. Note that the lifts of α and β can be
assumed to meet at their midpoints and that L1 ` L2 ` L3 ` L4 “ 2L. The fundamental domain
is a union of 4 pentagons with 1 right angle and one angle γ or π ´ γ.

We may also assume that the two remaining angles in each pentagon is also a right angle. Indeed,
doing so decreases the lengths of the Li’s and proving the result for 4 right angles pentagons will
yield the result.

For further use, we will set that the remaining angle is γ in the pentagons containing as a side
L2 and L4 and π ´ γ in the two other pentagons

In this case, hvol and L as functions of a, b and γ. We will use two facts about those functions.
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L

L1

H2

L2

L3

L4
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β̃

γ

α

Σ1,1

β

h2

h1

h̃2

h̃2

h̃1
h̃1

Universal Cover

Figure 2. One-holed torus, generators, heights and boundary.

(1) The entropy h “ hvol satisfies the inequality

1

1` eha
`

1

1` ehb
ď

1

2
.

This is proved in [BM20].
(2) The boundary length is expressed as

coshL2 “ sinh a sinh b´ cosh a cosh b cos γ.

This formula comes from a trigonometric formula in the pentagon with one side L2, similar
formulas allow to express the other Li’s. This formula comes from e.g [Bus92, p. 37 (iii)].
As γ Ñ 0, this formula implies that a “ bÑ8.

We now assume that h Ñ 0 and we want to see that one of the Li’s must tend to 8. First
notice that h is a continuous function of a, b and γ. So in order to make hÑ 0, we need to make



16 MARCELO R.R. ALVES, LUCAS DAHINDEN, MATTHIAS MEIWES, AND LOUIS MERLIN

a, b and γ escaping compact sets. Note that γ cannot tend to 0 while keeping a and b bounded
(unless L2 Ñ8 and we are done) so a, b and γ escape compact sets if and only if a and b escape
compact sets. We argue differently depending on how a and b escape compact sets. Without loss
of generality, we assume that a ď b. Note that two cases are immediatly excluded because of (1):
the case aÑ 0 and bÑ 0 and the case aÑ 0 and b bounded.

1st case: a in bounded and bÑ8. Formula (2) implies that

coshL2 „ sinh a
eb

2
´ cosh a

eb

2
cos γ.

In order to keep L2 bounded, we need that cos γ „ tanh a. But the same formula applied to the
top left pentagon would implies that in order to keep L1 bounded, we need that cos γ „ ´ tanh a
and both are not possible simultaneously.

2nd case: aÑ8 and bÑ8. Then formula (2) implies that

coshL2 „
ea`b

4
p1´ cos γq .

To keep L2 bounded, we need that γ Ñ 0 and this is incompatible with keeping L1 bounded.
3rd case: a Ñ 0 and b Ñ 8. This is the most subtle case and we need to dig more into

formula (1). Formula (2) implies already that

coshL2 „
a

2

eb

2
´
eb

2
cos γ. and coshL1 „

a

2

eb

2
`
eb

2
cos γ.

Keeping both L1 and L2 bounded would imply that eba is bounded, or b ď c´ log a, where c is a
constant.

On the other hand, formula (1) with aÑ 0 and bÑ8 becomes

b ě
1

h
log

ˆ

4

ha

˙

` opaq

(see [BM20]). Combining the two formulas, we get

c´ log a ě
1

h
log

ˆ

4

ha

˙

` opaq.

Reordering, we have,

c`

ˆ

1

h
´ 1

˙

log a ě
1

h
log

ˆ

4

h

˙

` opaq

which is absurd since the left hand side tends to ´8 while the right hand side tends to `8.
Another, more intuitive, way to analyse this argument would be to remark that b Ñ 8 is

responsible for the fact that h Ñ 0 and conversely a Ñ 0 has the tendency to keep h away from
0. The opposition is settled by the relation aeb bounded (which means a wins, a and b dont have
a symmetric role). Hence it’s reasonable to reach a contradiction if we moreover assume that
hÑ 0. �

We conclude this paragraph by an example showing that we cannot bound from below the
volume entropy by an absolute constant. Those examples are well-known, we only discuss them
for completeness.

Proposition 25. There exists a sequence of hyperbolic metrics on the one-holed torus whose
volume entropy tends to zero.

Proof. On the Poincaré disk model for the hyperbolic plane, we consider two orthogonal geodesics
A and B meeting at the basepoint o. We denote by α and β the loxodromic isometries whose axis
are A and B respectively and with the same translation length denoted 2a (the factor 2 makes
the computations a bit easier).

A classical ping-pong type argument shows that, when a is big enough, the group Γa generated
by α and β is free, the quotient of the disk by Γa is a torus with a funnel and the convex core of
the later is a torus with one boundary component.
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We will argue that, as a tends to infinity, the volume entropy of this torus tends to 0. To
achieve this computation, we will use the equality between Hausdorff dimension of the limit set
ΛpΓaq and volume entropy [Sul79] and actually compute the Hausdorff dimension.

Since the translation lengths of α and β are the same, the limit set is a self-similar Cantor and
we may compute its dimension for instance with [Mat95, thm 4.14]. Since α is a Lipschitz map
on the boundary, we look at ”the quarter of the limit set” given by αpΛpΓaqq.

The isometries α and β both moove the point o to a point along their axis at Euclidean distance
tanh a. We deduce that the contraction ratios of α and β on αpΛpΓaqq are

rα “ rβ “ r
arccos

´

1´ p1´tanh aq2

2

¯

arccos

ˆ

1´
p1´tanhp a2 qq

2

2

˙ „
aÑ8

1` ea

1` e2a
.

(we use the spherical distance on αpΛpΓaqq, it is bi-Lipschitz to the Euclidean distance). Finally
the Hausdorff dimension is given by ([Mat95, thm 4.14])

HdimpΛpΓaqq “
´ log 3

log r

which tends to 0 (linearly) as aÑ8. �

4. Robustness from intersection patterns of a family of non-contractible
geodesics on the two-torus

In this section we discuss how a certain intersection pattern of closed (non-contractible) geodesics
on T 2 implies robustness of topological entropy. Remarkably, and in contrast to the condition dis-
cussed in section 2, this intersection pattern appears for a C8-generic metric. In other words we
obtain that topological entropy is C0 robust for C8-generic metrics. The content in this section is
motivated by the work of Bolotin and Rabinowitz [BR02] and Glasmachers and Knieper [GK11]
and we use some of their results.

4.1. A definition of separation for lifts of two freely homotopic loops. Fix a free homotopy
class α of loops in Q, g P GpQq. Let γ, γ1 P LαQ of energy a “ Egpγq, a1 “ Egpγ1q. Choose two

lifts rγ and rγ1 : RÑ rQ to the universal cover rQ of Q. (This is understood as first lifting γ and γ1

to maps RÑ Q and then lifting to rQ.)

Definition 26. Define b0 “ b0prγ, rγ
1q to be the infimum of the numbers b ą 0 such that there is a

continuous path in LαQăbg from γ to γ1 that lifts to a path from rγ to rγ1. We define the separation

of rγ and rγ1 to be the non-negative real number sepgprγ, rγ
1q “ mintlogp b0a q, logp b0a1 qu ě 0.

4

The following robustness statement follows from the definitions.

Lemma 27. Let δ ą 0, and g, g1 be two metrics with dC0pg, g1q ă δ. Then sepg1prγ, rγ
1q ď

sepgprγ, rγ
1q ` 2δ.

Proof. Let a “ Egpγq and a1 “ Egpγ1q, and us a path from γ to γ1 in LQăbg with minplogp ba q, logp ba1 qq ă

sepgprγ, rγ
1q`ε for some ε ą 0, and which lifts to a path from rγ to rγ1. Then Eg1pγq ą e´δa, Eg1pγ1q ą

e´δa1, and Eg1pusq ă eδb for all s. In other words sepg1prγ, rγ
1q ă mintlogp e

2δb
a q, logp e

2δb
a1 qu ă

sepgprγ, rγ
1q ` 2δ ` ε, and since ε ą 0 was arbitrary the claim follows. �

4.2. The two-torus and an intersection pattern. In the following let Q “ T 2 be the 2-torus,
equipped with the standard orientation and α a non-trivial free homotopy class of loops in T 2. If
a lift rγ of a closed oriented curve γ representing α is embedded, then it divides the universal cover
ĂT 2 in two connected components, the right Rprγq and the left Lprγq of rγ.

In the following definition we formulate an intersection pattern of (lifts of) four closed curves
of class α, see also Figure 3 below.
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Definition 28. We say that four oriented closed curves γ1, γ2, γ3, γ4 in T 2 that represent α form
a ribbon if

(0) their lifts to ĂT 2 are embedded,

and if for some choice of lifts rγ1, rγ2, rγ3, rγ4 to ĂT 2,

(1) rγ1 is on the left of rγ3 and rγ4; rγ4 is on the right of rγ1 and rγ2.
(2) rγ1 and rγ2 intersect, rγ2 and rγ3 intersect, and rγ3 and rγ4 intersect, and all intersections are

transverse.

Let ε ą 0. We say that γ1, γ2, γ3, γ4 form an ε-ribbon (with respect to the metric g), if in
addition to p0q, p1q, and p2q (which is included in p4q below) the four lifts rγ1, . . . , rγ4 satisfy that

(3) sepprγi, rγjq ě ε, for all i, j P t1, . . . , 4u, i ‰ j.
(4) two lifts rτ and rτ 1 of two closed curves τ, τ 1 of class α intersect whenever they satisfy one

of the following
‚ sepgprτ , rγ1q ă ε, and sepgprτ

1, rγ2q ă ε.
‚ sepgprτ , rγ2q ă ε, and sepgprτ

1, rγ3q ă ε.
‚ sepgprτ , rγ3q ă ε, and sepgprτ

1, rγ4q ă ε.

4

The following Proposition 29 states that an ε-ribbon is robust with respect to the C0 topology
on the metrics. The main difficulty is to guarantee items p0q and p1q of a ribbon for a perturbed
metric. Here results on the analysis of the curve-shortening flow are used [Ang90, Ang91, Gra89].

Proposition 29. Assume that there are four curves γ1, . . . , γ4 that form an ε-ribbon for some
ε ą 0 with respect to g. Let δ ą 0 with ε ą 2δ ą 0. Then for any metric g1 with dC0pg1, gq ă δ
there are four closed geodesics γ11, . . . , γ

1
4 that form an pε´ 2δq-ribbon with respect to g1.

Proof. The proof uses essentially the analysis of the curve shortening flow. Consider the space
of embedded closed smooth curves Γ “ tγ P LQ | γ embeddedu. The curve shortening flow is a
continuous local semi-flow Φt : Γ Ñ Γ, Φtpγ0q “ γt for t P r0, Tγ0q, defined by BΦ

Bt “ ktNt, where
kt is the geodesic curvature of γt and Nt the unit normal vector. We need the following properties
(see [Ang05]): Mutually non-intersecting curves γ0 and γ10 stay non-intersecting along the flow
[Ang90, Ang91]. Assume that Q is compact with geodesic boundary, then for γ P Γ, either the
maximal Tγ is finite and Φpγq converges to a point, or Tγ “ `8 and Φpγq converges to a geodesic
[Gra89]. The length is decreasing under Φt.

Let now ε ą 0 and γ1, . . . , γ4 be the four curves representing α that form an ε-ribbon with
respect to g for lifts rγ1, . . . , rγ4, and let δ ą 0 and g1 as in the proposition. Let T be the deck

transformation corresponding to α on the universal covering ĂT 2 of T 2. The quotient ĂT 2{T by the

action of T is an annuls, and we apply the curve shortening flow on ĂT 2{T with respect to the

metric g1 starting with the projection on ĂT 2{T of the four lifts. The images of the curve shortening

flow of these curve stay inside an annulus with geodesic boundary in ĂT 2{T . By the properties

mentioned above, the flow will converge to four embedded geodesics in ĂT 2{T that project to four
geodesics γ11, . . . , γ

1
4 in pT 2, g1q. Moreover, the path of curves given by the curve shortening flow

lift to paths from rγi to rγ1i, i “ 1, 2, 3, 4. These four curves and their lifts form an pε´ 2δq-ribbon.
Properties (0) and (1) follow immediately from the properties of the curve shorting flow. Now,
reparametrize uniformly by arc-length without increasing the energy along the four paths of closed
curves given by the curve shorting flow, so that also the energy decreases along the obtained path,
in particular the energy will be bounded from above by the energy of the starting curve. Hence
for i ‰ j, sepg1prγ

1
i, rγ

1
jq ě sepg1prγi, rγjq. By Lemma 27, sepg1prγi, rγjq ě sepgprγi, rγjq ´ 2δ ě ε´ 2δ.

To see property p4q, consider two closed curves τ and τ 1 with lifts rτ and rτ 1 to ĂT 2 such that
sepg1prτ , rγ

1
1q ă ε ´ 2δ and sepg1prτ

1, rγ12q ă ε ´ 2δ. Since for every b ą E 1gpγ1q there is a path from

γ1 to γ11 in LαQăbα,g1 , sepg1prτ , rγ1q ă ε ´ 2δ, and hence sepgprτ , rγ1q ă ε. Similarly, sepgprτ
1, rγ2q ă ε.

Therefore, rτ and rτ 1 intersect. Similarly one checks the remaining cases of property p4q.
�



19

4.3. Robustness of entropy via ribbons. We will see that the intersection pattern of geodesics
on T 2 considered above imply that the metric has robust topological entropy.

Theorem 30. If pT 2, gq admits four closed geodesics γ1, . . . , γ4 that form a ribbon, then the
topological entropy of the geodesic flow ϕg is positive. Moreover, the topological entropy is bounded
from below by 1

L logp2q, where L “ mintlpγ1q ` lpγ2q, lpγ3q ` lpγ4qu.

Proof. See [GK11, Lemma 4.2] for a similar argument. In the following consider the strip S “

Rprγ1q XLprγ4q Ă
ĂT 2. By our assumptions, we can choose U0 Ă S to be a connected component of

Rprγ1qXLprγ2q and U1 Ă
ĂT 2 a connected component of Lprγ4qXRprγ3q such that U1XU2 ‰ H. Let

T ‰ id be the covering transformation corresponding to free homotopy class α of the geodesics
γ1, . . . , γ4. Note that by the assumptions, for any i, j P Z, i ‰ j, T iU1 X T jU1 “ H, and
T iU2 X T jU2 “ H. For any bi-infinite sequence a “ paiqi P Z, ai P t0, 1u, consider the set
Dpaq “ Sz

Ť

iPZ T iUai . For any periodic a of period p we choose a closed curve γ in class pα which
has a lift in Dpaq. We can assume that γ is a geodesic, e.g. by applying Lemma 33 below, and has
minimal energy, and hence also minimal length, among such curves. In particular, the length of γ
is bounded from above by pL, where L “ mintlpγ1q` lpγ2q, lpγ3q` lpγ4qu. This follows since there
exist both, a closed curve in class pα of length smaller than pplpγ1q ` lpγ2qq, and one of length
smaller than pplpγ3q ` lpγ4qq whose lifts are contained in the boundary of Dpaq.

These geodesics γ provide us with separating sets for the geodesic flow of g: Let u be compact
connected set in Sz

Ť

iPZ T ipU0 X U1q such that Szu has two components for which one contains
the sets T ipU0 X U1q, i ď 0, and the other the sets T ipU0 X U1q, i ą 0. Furthermore, choose two
disjoint compact connected sets v0 P U0zU1 and v1 P U1zU0 such that v0 Y pU0 X U1q Y v1 also

divide S into two components. Lift the geodesic flow of pT 2, gq to a flow on T 1
ĂT 2 and denote it

by rϕg, i.e., rϕg is the geodesic flow of pĂT 2, rgq of the lifted metric rg. Let P : T 1
ĂT 2 Ñ T 1T 2 the

covering map induced by the universal covering ĂT 2 Ñ T 2. Furthermore, denote by ru, rv0, and rv1

the lifts to T 1
ĂT 2 of u, v0, and v1, respectively. It is easy to see that there is a constant k ą 0, such

that for every t0 ą 0 there is a covering of
Ť

tPr0,t0s
rϕtgpruq of less than kt20 open sets such that for

any of the sets B of the covering and any x, y P B, d
rgpx, yq “ dgpP pxq, P pyqq.

By the discussion above, for any p-periodic binary word a “ paiqiPZ there is a lift rγ of a closed
geodesic in pT 2, gq of length ď pL that intersects u, that intersects T ipvjq if and only if ai “ j,
and that intersects T ipUjq if and only if ai ‰ j. Hence for ε sufficiently small there is a set X Ă ru
of at least 2p points such that for all x, y P X, suptPr0,pLs drg

`

rϕtgpxq, rϕ
t
gpyq

˘

ě ε. Hence there is an

pε, pLq-separated set of ϕg of cardinality at least 2p{pkppLq2q, and therefore

htoppϕgq ě lim sup
pÑ8

logp2p{pkppLq2qq

pL
“

1

L
logp2q.

�

Theorem 30 together with Proposition 29 show that the existence of four curves that form an
ε-ribbon implies that the topological entropy is positive in a C0 neighborhood of g. Naturally,
the intersection pattern of a ribbon might not be robust. Nonetheless, the next result asserts that
the existence of four geodesics that form a ribbon implies another collection of four geodesics that
form an ε-ribbon for some ε ą 0, and hence the topological entropy is indeed positive in a C0

neighborhood of g.

Theorem 31. If there are four geodesics γ1, . . . , γ4 that form a ribbon for a metric g, then there
is ε ą 0 and four geodesics η1, . . . , η4 that form an ε-ribbon for the metric g.

From Theorem 31, 30 and Proposition 29 it follows that

Corollary 32. If there are four geodesics γ1, . . . , γ4 that form a ribbon for a metric g, then there
δ ą 0 such that for all g1 with dC0pg1, gq ă δ, the topological entropy of the geodesic flow ϕ1g of g1

is positive.
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rγ4

rγ1

rγ3

rγ2

rη1

rη3rη4

rη2

Figure 3. rγ1, rγ2, rγ3, rγ4 satisfy property pF q. The paths rη1, rη2, rη3, rη4 are con-
structed in the proof of Theorem 31, and satisfy property pF, εq for some ε ą 0.

In the proof of Theorem 31 we use the following lemma repeatedly. For that let A be an annulus
such that each boundary component b of A is piecewise geodesic and such that on each point on
the finite and non-empty set of non-smooth points on b the outer angle is ą π. We say that a
boundary component b with that properties is admissible.

Lemma 33. Let α be the free homotopy class of curves in A provided by a choice of generator of
π1pAq “ Z. Then there is a simple geodesic γ in A with Egpγq “ d :“ inftEgpxq |x : S1 Ñ A, rxs “

αu and there is ε ą 0 such that rd “ inftEgpxq |x : S1 Ñ A, rxs “ α, xX BA ‰ Hu ě eεd.

Proof. The statement of this lemma is well-known and can be proved similarly to Lemma 20. To
that end note that since the boundary components are admissible, any closed piecewise geodesic
γ in A that intersects a non-smooth point x at some boundary component of A can be replaced
by a piecewise geodesic γ1 in A whose image coincides with that of γ outside a neighborhood of b
and that has strictly smaller energy. �

Proof of Theorem 31. Let γ1, . . . , γ4 be four curves with lifts rγ1, . . . , rγ4 that form a ribbon. Choose
U0 and U1 as in the proof before. Consider the four bi-infinite sequences a1, . . . , a4 of period 3
by extending periodically the four words 110, 011, 100, and 010, respectively. We find in two
steps four closed geodesic η1, . . . , η4 representing 3α in T 2 with four lifts rη1, . . . , rη4 that lie in
Dpa1q, . . . , Dpa4q, respectively, and that form an ε-ribbon for some ε ą 0.

Finding η1 and η2: Note that Dpa1q and Dpa2q are invariant under the shift T 3, where T
denotes the shift corresponding to α. Hence Dpa1q and Dpa2q project to annuli A1 resp. A2

in ĂT 2{T 3. Their boundary components are admissible since the sequences a1 and a2 are non-
constant. Fix choices ε1 ą 0 and ε2 ą 0 of the ε provided by Lemma 33 for A1 resp. A2. Let pη1

and pη2 be energy minimizing geodesics in A1 and A2 respectively, rη1, rη2 some choice of lifts to ĂT 2,
and η1, η2 their projections to T 2.

Finding η3 and η4: Consider now Dpa3q X Rprη1q and Dpa4q X Rprη1q X Rp rη2q. These sets are

invariant under T 3 and project to annuli A3 resp. A4 in ĂT 2{T 3. By the choice of the sequences
a1, . . . , a4, one directly checks that the boundary components of A3 and A4 are admissible. Let
ε3 ą 0 resp. ε4 ą 0 be choices of ε for A3 resp. A4 provided by Lemma 33. Let pη3 resp. pη4 be

energy minimizing geodesics in A3 resp. A4, let rη3, resp. rη4 some choice of lifts to ĂT 2, and η3

resp. η4 their projections to T 2.
By the intersection properties of the annuli A1, A2, A3 and A4, one sees that rη1 and rη2 intersect,

that rη2 and rη3 intersect and that rη3 and rη4 intersect. By construction rη4 is on the right of rη1 and
rη2, and rη3 is on the right of rη1. Hence the geodesics η1, . . . , η4 form a ribbon.
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Moreover, with ε :“ mintε1, ε2, ε3, ε4u, η1, . . . , η4 form an ε-ribbon. Indeed, let us see sepgprη1, rη2q ě

ε1, the remaining conditions are checked analogously. Choose a path u : r0, 1s Ñ L3αT
2 that lifts

to a path pu from pη1 to pη2. It is clear that there are s P r0, 1s such that the lifted curve pupsq
touches the boundary of A1, and let s1 ą 0 be the infimum in r0, 1s of such s. By compactness,
pups1q touches the boundary of A1 and pups1q is contained in A1. Since pη1 has minimal energy
among all curves of class 3α in A1 we conclude with Lemma 33 that Egppups1qq ě eε1Egppη1q. Hence

sepgp rη1, rη2q ě log
´

Egppups1qq
Egppη1q

¯

ě ε1. �

4.4. Ribbons exist for C8 generic metrics. Minimal geodesics on higher genus surfaces and
on the two-torus T 2, i.e. geodesics minimizing the length between any two of its points on the uni-
versal covering, were first systematically studied by Morse [Mor24] and Hedlund [Hed32]. Bolotin
and Rabinowitz [BR02] obtained results about the existence of certain families of homoclinic
and heteroclinic geodesics on T 2 that shadow minimal heteroclinics, using a renormalized length
functional. As we will explain below, one can obtain from their work (more specifically [BR02,
Theorem 4.2]) that under certain assumptions there is a (non-closed) geodesic in the universal
cover which, after applying a family of covering transformations, provides a family of geodesics
of a certain intersection pattern, similar to our ribbons. Furthermore, an analogous argument as
above in the proof of Theorem 31 yields subsequently four closed curves that form a ribbon. The
assumption in the theorem above is satisfied for a C8 generic metric. Hence one can derive the
following

Theorem 34. In the space of metrics on T 2 with positive topological entropy equipped with the
C8 topology there is a co-meager set S such that any g P S has robust topological entropy.

We now discuss the result in [BR02] and its relation to the existence of curves that form a
ribbon. We keep mainly the notations in [BR02].

Assume that the metric g on T 2 is not flat. Then there is a simple free homotopy class of closed
curves α in T 2 and two (possibly identical) minimal geodesics v´ and v` of class α that from an
annulus A Ă T 2 that contains no minimal closed geodesics of class α in its interior, see [GK11].

Let S Ă ĂT 2 the strip that is the preimage of A under the covering map. Let τ : ĂT 2 Ñ ĂT 2 be

the translation corresponding to α. Let σ : ĂT 2 Ñ ĂT 2 be a translation corresponding to a simple
homotopy class such that, if v´ “ v` then σprv´q “ rv`, and otherwise σprv´q lies on the left of
rv`. Let ui, i P Z, be the lifts in S of a shortest geodesic u connecting v´ and v`, with ui “ τ iu0.
Consider the space αi of (rectifiable) curves x : r0, 1s Ñ S with no constant pieces and such that
xp0q P ui, xp1q P ui`1, and let

Π “ ty “ pxiqiPZ |xi P αi, xip1q “ xi`1p0qu Ă
ź

iPZ
αi.

Define the renormalized length functional on Π as

Jpyq :“
ÿ

iPZ
pLpxiq ´ cq,

whenever the series is convergent, otherwise Jpyq :“ `8. It is explained in [BR02] that J can be

extended to paths y : R Ñ ĂT 2, and in particular to y : R Ñ ĂT 2 that are negative asymptotic to
σiprv´q and positive asymptotic to σjprv`q for some i, j P Z. One defines a barrier function B`´ on
S by

B`´pqq :“ inftJpyq | y : RÑ S goes through q and is asympt. to v¯ as tÑ ¯8u.

One shows that B`´ is finite, and that the set of minimum points conists of rv´ Y rv` and the set
of minimal heteroclinics from rv´ to rv`, which is moreover non-empty. For minimal heteroclinics
h : R Ñ S one has B`´phptqq “ Jphq. Here minimal heteroclinics from rv´ to rv` are globally
minimizing geodesics hptq that are asymptotic to rv¯ as tÑ ¯8. Parts of the Theorems 4.1. and
Theorem 4.2. in [BR02] can be formulated as follows
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Theorem 35. [BR02] Assume that B`´ is non-constant, and let l P N. Then there is a heteroclinic

rγ : RÑ ĂT 2 from rv´ to σlprv`q, and minimal heteroclinics hi, i “ 0, . . . , l from rv´ to rv` such that
rγ shadows σiphiq, i “ 0, . . . , l.

For the precise definition of shadowing, which is not important for our considerations, we refer
to [BR02]. The time intervals in R for which rγ shadows σiphiq might be very far apart from each
other, and so are the two time intervals in which rγ is close to rv´ resp. σlprv`q. Furthermore,
the heteroclinics rγ constructed in the theorem are embedded. The assumptions that B`´ is non-
constant is equivalent to the assumption that there is no foliation of S by minimal heteroclinics
from rv´ to rv`.

We now apply Theorem 35 and observe that it provides geodesics rγ : R Ñ ĂT 2 such that
together with certain translates, an intersection pattern similar a ribbon appears, which we call
ribbon˚, and we proceed with the definition of this property, see Figure 4 for an illustration. In the

following we say that two distinct geodesics η1 and η2 in ĂT 2 intersect positively (resp. negatively)
at η1pt1q “ η2pt2q if the orientation given by the tangent vectors pη11pt1q, η

1
2pt2qq coincide with the

same (resp. opposite) orientation of that of T 2.

Definition 36. Let γ be (non-closed) geodesic in T 2, and rγ be a lift to ĂT 2. Assume rγ is embedded.
We say that γ : R Ñ T 2 (or rγ), and a family of five covering transformations θ1, θ2, θ3, θ4, T :
ĂT 2 Ñ ĂT 2 form a ribbon˚ if for some parameters sij , t

i
j P R, sij ă tij , j “ 1, 4; i P Z and uij , v

i
j P

R, uij ă vij , j “ 2, 3; i P Z, the lifts rγij “ T i ˝ θjprγq, j “ 1, . . . , 4; i P Z satisfy, for all i P Z, the
following:

(0) ‚ rγi1 and rγi`1
1 intersect negatively in rγi1pt

i
1q “ rγi`1

1 psi`1
1 q,

‚ rγi4 and rγi`1
4 intersect positively in rγi4pt

i
4q “ rγi`1

4 psi`1
4 q.

(1) With ηij :“ rγi1|rsij ,tijs, j “ 1, 4, the piecewise geodesic η1 :“ ¨ ¨ ¨ η´1
1 η0

1η
1
1 ¨ ¨ ¨ is on the left of

the piecewise geodesic η4 :“ ¨ ¨ ¨ η´1
4 η0

4η
1
4 ¨ ¨ ¨ .

(2) ‚ ηi2 :“ rγi2|rui2,vi2s intersect η1 only at the endpoints of ηi2, first positively and then
negatively, and does not intersect η4.

‚ ηi3 :“ rγi3|rui3,vi3s intersect η4 only at the endpoints of ηi3, first negatively and then
positively, and does not intersect η1.

(3) ηi2 and ηi3 intersect.

(4) For all i, j P Z with i ‰ j, ηi2 and ηj3 are disjoint, ηi2 and ηj2 are disjoint, and ηi3 and ηj3 are
disjoint.

4

It is now easy to see, and we leave it to the reader to check, see also Figure 4, that if rγ is a
heteroclinic from rv´ to σ4prv`q obtained from Theorem 35, then for suitably chosen n2, n3, n4, n5 P

N, n3 ă n2 ă n5 ă n4, the geodesic rγ together with the shifts θ1 “ id, θ2 “ σ1˝τn2 , θ3 “ σ´2˝τn3 ,
θ4 “ σ´1 ˝ τn4 , T “ σ3 ˝ τn5 form a ribbon˚. Hence one can conclude:

Proposition 37. Assume that B`´ is non-constant. Then there is a geodesic γ and deck trans-

formations θ1, θ2, θ3, θ4, T on ĂT 2 that form a ribbon˚.

An analogous argument as in the proof of Theorem 31 yields

Proposition 38. If there is a geodesic γ and shifts θ1, θ2, θ3, θ4, T that form a ribbon˚, then there
is ε ą 0 and four closed geodesics τ1, . . . , τ4 that form an ε-ribbon.

Proof. The piecewise geodesics η1 and η4 form an infinite strip with piecewise geodesic boundary
with outer angles ą π at the non-smooth points. Define for all i P Z the non-empty sets U i0 “
Rpη1q X Lpγi2q, U

i
1 “ Lpη4q X Rpγi3q. By item p3q of the ribbon˚, U i0 X U i1 ‰ H. One can define

for any binary bi-infinite sequence a as in the proof of Theorem 30 (using the shift T ) sets Dpaq
which, by item p4q of the ribbon˚, are infinite strips with piecewise geodesic boundary with outer
angles ą π at the non-smooth points. Now one can proceed as in proof of Theorem 31 to obtain,
for some ε ą 0, closed geodesics τ1, . . . , τ4 that form an ε-ribbon. �
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rγi
1

rγi
2

rγi
3

rγi
4

rγi`1
1

rγi´1
4

Figure 4. Schematic illustration of a heteroclinic from Theorem 35 with shifts
that form a ribbon˚. In non-horizontal parts there is a shadowing of minimal
heteroclinics. Solid lines illustrate the course of η1 and η4 as given in Definition 36.

Corollary 39. Let g be a metric on T 2. If there is a geodesic γ and shifts θ1, θ2, θ3, θ4, T that
form a ribbon˚, then there is δ ą 0 such that for all g1 with dC0pg1, gq ă δ the geodesic flow of g1

has positive topological entropy.

Note that for bumpy metrics closed minimal geodesics are hyperbolic, and note that bumpy is
a C8 generic condition. In case B`´ is constant on S, then S is foliated by minimal heteroclinics
from v´ to v`, in other words the unstable manifold of v´ and the stable manifold of v` intersect,
but not transversely. One can perturb in a neighborhood of any point of such a heteroclinic hvol,
as was shown by Donnay [Don95] (C2 perturbation) and Petroll [Pet96] (C8 perturbation) (for a
sketch of the proof see also [BW02]), such that hvol becomes a transverse heteroclinic connection
from v´ to v`. If such a perturbation is sufficiently small, v´ and v` stay to be adjacent (minimal)
geodesics, where now B`´ is non-constant. So the assumptions in Theorem 35 hold C8 generically,
which assures that Theorem 34 holds.

5. Robustness by retractable neck on general manifolds

Consider a closed Riemannian manifold pM, gq that is not necessarily a torus. We assume that
there exist nested nonempty open sets U Ď V1 Ď V2 Ď W whose closure have smooth boundary
such that

U Ď U Ď V1 Ď V 1 Ď V2 Ď V 2 ĎW

and such that there is a retraction ρ : MzU Ñ MzW that is homotopic to the identity relative
MzW through the homotopy ρt. We denote the two numbers:

d1 “ max
xPBV2

lgpρtpxqq,

d2 “ distgpBV1, BV2q.

We interpret this setup as follows: U is a head, that we intend to cut off. The set W zU is a
neck that is further divided into lower neck W zV2, middle neck V2zV1 and upper neck V1zU . The
numbers di are the length of the lower neck d1 and the length of the middle neck d2, measured in
a way that suits later proofs.
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Assumption 40 (Retractable neck and entropic body). If the following statements are true, we
say that the ”neck” W zU is pc, kq-retractable for a number c P p0, 1q and k ě 3.

‚ The retraction ρ is a contraction: for any curve γ : I ÑMzU we have that lgpρ˝γq ď lgpγq.
‚ The retraction ρ is a proper contraction in the middle and upper neck: for any curve
γ : I Ñ V2zU we have lgpρ ˝ γq ă c lgpγq.

‚ The lower neck is substantially shorter than the middle neck:

d1

d2
ă

1´ c

k
(5.1)

If the following statement is true, we say that M has an entropic body.

‚ There is a subset P Ď rπ1pMzUqzιrπ1pBUq of the free homotopy classes of MzU not homo-
topic to curves in BU , whose elements are mutually coprime such that the subsets

PgpT q “ tα P P | Dγ P α : lpγq ď T u

grow exponentially: ΓT p#PgpT qq ą 0.

4

Remark 41. Note that even though ΓT p#PgpT qq depends on the metric, the positivity ΓT p#PgpT qq ą
0 is a purely algebraic statement about the group growth of the free homotopy classes seen as
rπ1 “ π1{conj. In particular, if π1 has a subgroup isomorphic to Z ˚ Z, then the assumption is
satisfied.

Theorem 42. Let the closed Riemannian manifold pM, g0q have a pc, kq-retractable neck and an
entropic body. Then, for C with 1 ă C ă k

2`pk´2qc , g0 has C-robust positive topological entropy

and for g „C g0 we have

htoppϕ
t
gq ě

1
?
C

Γp#Pg0pT qq.

Example 43. Let Mn be a manifold such that there exists a Riemannian metric whose topological
entropy vanishes. Fix c and k. Consider a submanifold L such that MzL is an entropic body.
We identify a tubular neighborhood of L with the normal disk bundle DL with radial coordinate
r P r0, 3` k

2`pk´2qc s. We define the neck

U “ tr ă 1u, V1 “ tr ă 2u, V2 “

"

r ă 2`
k

2` pk ´ 2qc

*

,W “

"

r ă 3`
k

2` pk ´ 2qc

*

with the retraction defined by

ρs|MzW “ id, ρspr, xq “

ˆ

min

"

r `

ˆ

2`
k

2` pk ´ 2qc

˙

s, 3`
k

2` pk ´ 2qc

*

, x

˙

.

Endow the neck with a metric g such that

g|rPp1,3` k
2`pk´2qc q

“ fprqgSL ` dr
2,

where gSL is a metric of the normal sphere bundle over L and f is a function in r with fprq ě fp3`
k

2`pk´2qc q for all r P p1, 3` k
2`pk´2qc q and c

a

fprq ě
b

fp3` k
2`pk´2qc q for all r P p1, 2` k

2`pk´2qc q.

With this metric, the neck has the pc, kq-retractable neck property. Thus, any extension of g to
M satisfies the assumptions of the theorem.

In dimension 2, L is discrete. For S2 three points and for T 2 one point suffice. In dimension 3,
L is a link. For S3 the unlink and for T 3 the unknot suffice. 4

The following Lemma is the C0-robust property that we derive from a retractable neck.

Lemma 44. Let pM, g0q have a pc, kq-retractable neck. Let g be a metric with g „C g0 for some
number 1 ă C ă k

2`pk´2qc . Let α be a homotopy class of a curve in MzU that is not homotopic

ot a curve in BU . Then, any g-length minimizer of α has image in MzV1.
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Proof. Let γ P α. Assume DT : γpT q P V1zU . We claim that γ is not a length minimizer of α. We
prove this by explicitly constructing a shorter curve homotopic to γ.

There is a maximal connected neighborhood I Ď S1 of T such that γpIq Ď V1zU . Since
γ R ιπ1BU , the interval I is not the entire circle. Because of maximality of I “ rt1, t2s the end
points lie in the boundary γpt1q, γpt2q P BV1. This implies that that lg0pγ|Iq ě 2d2 by definition
of d2.

We define the homotopy γsptq, s P r0, 1s as the concatenation

γsptq “ γ|S1zI ˝ ρ|r0,sspγpt1qq ˝ ρspγ|Iq ˝ ρ|r0,sspγpt2qq.

Obviously γ0 „ γ1. It is elementary to verify that the condition C ă k
2`pk´2qc implies that

1´cC
2C ą 1´c

k . We compute

lgpγ0q ´ lgpγ1q “ lgpγ|Iq ´ lgpρ ˝ γ|Iq ´ lgpρspγpt1qqq ´ lgpρspγpt2qqq

ě
1
?
C
lg0pγ|Iq ´

?
Clg0pρ ˝ γ|Iq ´

?
Clg0pρspγpt1qqq ´

?
Clg0pρspγpt2qqq

ą
?
C

ˆ

1

C
lg0pγ|Iq ´ clg0pγ|Iq ´ lg0pρspγpt1qqq ´ lg0pρspγpt2qqq

˙

ě
?
C

ˆˆ

1

C
´ c

˙

d2 ´ 2d1

˙

“
?
C2

ˆˆ

1´ cC

2C

˙

d2 ´ d1

˙

ą 2
?
C

ˆ

1´ c

k
d2 ´ d1

˙

ą 0.

We conclude that γ “ γ0 is not a length minimizer. �

Proof of Theorem 42. Let g „C g0 and α P P. Since α is non-contractable, the infimal length of
the homotopy class is positive lpαq :“ inftlpγq | γ P αu ą 0. Let γk : S1 ÑMzU be a sequence of
smooth loops parametrized by constant speed with lpγkq Ñ lpαq. Since | 9γ| Ñ lpαq and since MzU
is compact, we can apply Arzela–Ascoli and find a subsequence that converges to a curve γα,g
which satisfies lpγα,gq ď lpαq by lower semi-continuity of the length functional. By minimality of
lpαq this implies lpγα,gq “ lpαq. Thus, γα,g is a length minimizer. Lemma 44 tells us that the
image of a length minimizer is contained in MzV1, which is in the interior of MzU . We conclude
that γα,g is a geodesic.

Thus, for every g „C g0 and α P P there is a length minimising geodesic γα,g : lgpαqS
1 ÑMzU ,

which we parametrize from now on by arc length for convenience. Note that γα,g lifts to a periodic
orbit pγα,g, 9γα,gq of ϕtg of period lgpαq.

The relation lg ď
?
Clg0 implies that 1?

C
lgpαq ď lg0pαq. Thus,

tα P P | lg0pαq ď T u Ď tα P P | lgpαq ď
?
CT u

and consequently the sets rPgpT q “ tγα,g | lgpγα,gq ă T u satisfy

Γp# rPgpT qq ě
1
?
C

Γp#Pg0pT qq.

The desired statement now follows from Lemma 18. �

Proof of Theorem 12. Let pQ, gq be the k ě 2 dimensional Riemannian manifold and let e ą 0 be
arbitrary. We search metrics gpsq P GepQq with dC0pg, gpsqq ă s that has a pcpsq, kpsqq-retractable
neck, where limsÑ0pcpsq, kpsqq “ p1, 3q and limsÑ8pcpsq, kpsqq “ p0,8q. Theorem 42 then implies
the statement qualitatively. The formula in Theorem 12 comes from the specific construction.

We briefly outline the argument: We prepare a small disk in which all geodesics considered will
be contained. Then, we construct some heads inside such that the homotopy classes of curves
in the disk minus the heads have positive algebraic growth. The growth of homotopy classes
filtered by length will be at least the algebraic growth divided by length of longest generator.
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Then, we scale the entire construction down inside the disk, leaving the algebraic growth invariant
but reducing the length of longest generator. This way, we find arbitrarily large entropy. This
construction can be done by a C0-small perturbation of the metric that is parametric in s.

Step 1: Choice and manipulation of a small disk For an arbitrary point p, we choose a
nearby metric g1 “ g1psq that is slightly reshaped around p: We flatten a small disk surrounded
by a thin cylindrical annulus. To quantify small, we choose 0 ă ε1 and 0 ă ε2 ! ε1 in dependence
of s: ε1psq is a continuous function that is linear for small s and constant ! 1 for s ą s0 for some
s0 ! 1.

We choose then g1 such that

‚ g1 ” g0 on QzB4ε1ppq,
‚ g1 “ fprqgSk´1 ` dr2 on B3ε1ppq, where r is a radial coordinate,
‚ fprq ” 4 on the annulus r P p2ε1 ´ ε2, 2ε1 ` ε2q,
‚ fprq “ r2 on Bε1ppq,

‚ dC0pg0, g1q ă s{2,

where gSk´1 is the round metric on the euclidean sphere and where the radii of balls are measured
with respect to g1.

Note that choosing g1 is very easy starting from coordinates that are orthonormal on TpQ since
we allow C0-small perturbations. It would be impossible for C2-small perturbations, as curvature
would be an obstruction. The deformation around the annulus is a small deviation from the flat
metric as long as ε2 is small in comparison to ε1. This is a manifestation of the fact that all
changes of f by quantities that are small with respect to f are small.

The condition on the annulus is to ensure that the disk Bε1ppq is surrounded by a totally
geodesic codimension 1 sphere, which will help to contain minimizing curves within the disk in its
interior.

Step 2: Choice of heads Let ι : L ãÑ Bε1p0q be an embedded codimension 2 submanifold: If
k “ 2, then we choose L to be three points, if k ą 2 then let L “ L1 Y L2 have two unknotted
components with Li – S1ˆSk´3. Note that in both cases the group growth Γpπ1pBε1ppqzL, pqq “:
Γ is positive. There is a length λpLq such that there are generators of π1pBε1ppqzL, pq of length
at most λpιLq. To demonstrate the future argument, denote by Pg1pι, T q the set of free homotopy
classes of loops in Bε1ppqzιL that are represented by a loop of length ď T and that do neither
retract onto ιL nor to BBε1ppq. Then we have

ΓT p#Pg1pι, T qq ě Γ{λ

as for each free loop we find a (longer) representing based loop and the conjugacy classes of the
fundamental group grow as fast as the fundamental group. If we postcompose the embedding ι
with a dilation by a factor t, the algebraic growth Γ will obviously not change but the group will
be generated by loops of length λptιLq “ tλpιLq, implying that ΓT p#Pg1ptι, T qq Ñ 8 as tÑ 0.

Step 3: Shaping the necks The shape of the necks is determined similar to the shape of the
base disk. We choose in dependence of s the shape parameters of the neck pcpsq, kpsqq such that
cpsq ă e´s{8 and k “ 3 ` s. Further, we choose new and even smaller 0 ă ε3 and 0 ă kε4 ! ε3.
We choose a nearby metric g2 “ g2psq that is flattened in an ε3-tube around L, except for an ε4
wide annulus which imitates Example 43. More precisely,

‚ g2 ” g1 outside the tubular neighborhood V3ε3pNq,

‚ g2 ” fprqgSL ` dr
2 inside V2ε3pNq,

‚ fprq ě fpε3 ` p3`
k

2`pk´2qc qε4q for all r P pε3 ` ε4, ε3 ` p3`
3

1´c qε4q,

‚ c
a

fprq ě
b

fpε3 ` p3`
k

2`pk´2qc qε4q for all r P pε3 ` ε4, ε3 ` p2`
k

2`pk´2qc qε4q,

‚ dC0pg2, g1q ă s{2,
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where tubular neighborhoods are taken with respect to the metric g2 and where gSL is the metric
of normal sphere bundle over L. Note that if fprq would equal r2, then the metric would be flat
and the assumption would be similar to the choice of the small disk.

Note that the crucial feature of our choice of cpsq is that logp1{c2q ă s{2 because the fourth point
forces us to deviate by a factor c from the cylindrical metric, which forces dC0pg2, g1q ą logp1{c2q
and the fith point demands dC0pg2, g1q ă s{2.

This new metric has a retractable neck with sets

U “ tr ă ε3 ` ε4u, V1 “ tr ă ε3 ` 2ε4u,

V2 “

"

r ă ε3 ` p2`
k

2` pk ´ 2qc
qε4

*

,W “

"

r ă ε3 ` p3`
k

2` pk ´ 2qc
qε4

*

.

The inclusion Bε1ppqzU ãÑ Bε1ppqzL is obviously a homotopy equivalence. The generators of
the fundamental group are possibly a bit larger, but 2λpιLq suffices if ε3 is small enough.

Step 4: Shrinking for growth Now, we employ the dilation by t mentioned in Step 2 for
the metrics g2psq from Step 3. To be more formal, denote by δt the dilation by t in the flat model
around p and by gtpsq the metric which coincides with g2psq on QzδspB2ε1´ε2q and with t2δ˚1{tg2

in a small neighborhood. Note that t2δ˚1{tgEuc “ gEuc and that the scaling leaves ratios intact, so

dC0pgtpsq, g1q “ dC0pg2psq, g1q and in total

dC0pgtpsq, g0q ă dC0pgtpsq, g1psqq ` dC0pg1psq, g0q ă s.

Let ρ be a free homotopy class of loops in the disk with the scaled heads Us “ δsU removed
B2ε1ppqzUs, which neither retracts to BU nor to BB2ε1 . Choosing a length infimizing sequence,
we find by Arzela–Ascoli up to choice of subsequence a limit loop γ for ρ. This minimizer cannot
touch BU by construction of a retractable neck. Nor can it touch BB2ε1 as otherwise it would be
tangent to a geodesic in the geodesic foliation of BB2ε1 that comes from the cylindric metric on
the annulus r P p2ε1´ε2, 2ε1`ε2q and thus be a geodesic belonging to that foliation, contradicting
our assumption on its homotopy class. Thus, each class in Pg1psi, T q from Step 2 is represented
by a geodesic.

As noted in Step 2, the fundamental group π1pBε1ppqzUs, pq is generated by loops of length
ă 2tλpιLq. Thus, we may choose for each s a t so small that Γ{p2tλpιLqq ą e, where e is the
exponential growth required in the statement of the theorem. To describe the necessary choice in
dependence of s, note that by Theorem 42 for our choices cpsq ă e´s{8 and k “ 3 ` s we obtain
the bound that for

C ă
s` 3

2` ps` 1qe´s{8

we can expect for dC0pgtpsq, gq ă C that htoppϕ
t
gq ě

1?
C

Γp#PgtpsqpT qq. Thus, in order to enforce

htoppϕ
t
gq ě e within the s`3

2`ps`1qe´s{8
-balls, we must have a dilation by at least

t „ const

d

2` ps` 1qe´s{8

s` 3
,

where the constant is in dependence of Γ and λ for a specific value. This gives us the required
growth of minimizing geodesics which concludes the argument. �

Proof of Corollary 13. The first two points in the corollary are immediately clear. For the third
point, we start with the quasi-isometric embedding Φn : pRn, | ¨ |8q Ñ pGpT 2q, dRBMq from [SZ19],
where the volume is fixed as 1 and the diameter bound is 100. Note that if Φn is quasi-isometric

and rΦn is dC0 -close to Φn, then also rΦn is quasi-isometric. So the statement is proved by paramet-
rically performing the above construction. Note that for this only the first step needs to be done
parametrically, as from then on the construction is on the small disk which is flat for any start-
ing metric. It is also sufficient to choose one constant but small s and a corresponding constant
parameter t. As volume and diameter are C0-continuous, the perturbed metrics have volume 1
after a rescaling close to a factor 1 and the diameter still admits the bound of 101 as stated in our
corollary. �
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Appendix A. Robustness of non-degenerate length spectrum

Here, we prove Proposition 7. The aim is to use only a low amount of technology.

Remark 45. Unfortunately, one cannot say anything about the position of the geodesic that is
found by the theorem.

4

Before we start the proof, let us fix a setup: Denote by Ω “ H1pS1,Mq the Hilbert manifold5 of

closed loops in M . The non-constant critical points of the energy functional Eg : γ ÞÑ 1
2

ş1

0
gp 9γ, 9γq dt

are exactly the closed geodesics. The negative gradient flow ϕtg of Eg has the Palais–Smale property
in this space. Denote the sublevel set Ωag :“ tγ P Ω | Egpγq ď au.

That γ is non-constant and non-degenerate means that the connected component of Crit Eg
containing γ is a circle and Morse–Bott. If all geodesics are non-degenerate, then the energy
spectrum is discrete. The following statement describes what happens topologically at a critical
energy level.

Proposition 46 ([Bot54], see also[Oan15]). Assume that c P pa, bq is the only critical value in
ra, bs. Denote N1, . . . , Nr the components of CritpEq with EpNiq “ c and with indices λ1, . . . , λr.
Assume they are Morse–Bott. Then

‚ Each manifold Ni carries a well defined vector bundle ν´Ni Ă TΩ|Ni of rank λi consisting
of negative directions of d2Eg.

‚ The sublevel set Ωbg retracts onto a space homeomorphic to Ωag with the disc bundles Dν´Ni
disjointly attached to Ωag along their boundaries.

‚ The retraction r : Ωbg Ñ Ωag
Ť

BDν´Ni
Dν´Ni can be chosen such that Eg ď Eg ˝ r and such

that r|Ni “ id and r|Ωag “ id.

Remark 47. This proposition gives inductive instructions to build a CW-complex homotopy equiv-
alent to Ω. The building blocks are disk bundles, which are cell complexes. The retraction maps
inductively provide the attaching maps.

Since we are only interested in the topology, we use the term topologically non-degenerate for a
curve where the conclusions of Proposition 46 hold.

Definition 48. We assume that c ‰ 0 is the only critical value in pa, bq. Denote Ni the components
of CritpEq and assume that they are all isolated circles representing reparametrizations of non-
constant closed geodesic γi with energy c.

Then we call γi topologically non-degenerate if there are vector bundles ν´Ni Ď TΩ|N such
that the sublevel set Ωbg retracts onto a space homeomorphic to Ωag with the disc bundles Dν´Ni
attached to Ωag along the boundary via a retraction r with Eg ď Eg ˝ r and such that r|Ni “ id
and r|Ωag “ id.

4

Remark 49. The assumption that the spectral value is isolated is actually too strong for our
purpose; It would suffice to demand in Therem 5 that a topologically non-degenerate γ be isolated
in the space of loops. The proof below would then work by localizing the gradient flow. One would
do this by multiplying the gradient vector field with a bump function around a neighborhood of Ni
that is flow-invariant in the intended energy interval, and that separates γ from other geodesics.
The argument would become much more complicated as the resulting flows only locally transport
the respective sub-level sets into each other.

We intend to use a minimax principle. We use the following formulation from Klingen-
berg [Kli78]. A flow-family A for Eg is a collection of subsets of Ω such that Eg|A is bounded
for all A P A and such that A P A implies ϕtgA P A for t ě 0.

5We use this setting to avoid working in the Fréchet manifold C8pS1,Mq. However, by bootstrapping every

geodesic ends up being smooth.
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Proposition 50. Let A be a flow-family for Etg. Then

inf
APA

sup
A

Eg

is a critical value of Eg.

Proof of Proposition 7. We use Proposition 46 to define a suitable flow-family. For simplicity,
assume that there is only one critical component. For Proposition 7 it is enough to consider
the case N1 “ N – S1. The fundamental class of the transverse bundle relative its boundary
rDν´N ; BDν´N s has nonempty intersection with the core N since it has nonempty intersection
with any interior point. By extension the same is true for the class ω :“ rΩag

Ť

BDν´N Dν
´N ; Ωags.

Denote by r˚ω the set of maps u : pDν´N ; BDν´Nq Ñ pΩbg,Ω
a
gq such that rr ˝ us “ ω. Then, the

set of images of u P r˚ω defines a flow-family.
The minimax value for r˚ω is the critical value c:

inf
uPr˚ω

max E ˝ u ě inf
uPr˚ω

max E ˝ r ˝ u ě EpNq “ c.

The other inequality is trivial since Eg restricted to the unstable disk bundle of N has maximum c.
The robustness statement now follows by using the very same retraction r to define a flow

family for the perturbed metric rg: Let ε ą 0 be so small that c is the only critical value in
rp1´ 3εqc, p1` 3εqcs. Let rg be a metric such that }v}2

rg P p1´
1
2ε, 1`

1
2εq}v}

2
g for all v. Note that

for such ε small enough the following chain of inclusions holds

Ω
p1´2εqc
rg Ď Ωp1´εqcg Ď Ωcg Ď Ω

p1`εqc
rg Ď Ωp1`2εqc

g .

Let r : Ω
p1`2εqc
g Ñ Ω

p1´εqc
g

Ť

BDν´N Dν
´N be the retraction constructed with ϕtg and r˚ω

the class described above. Define the subclass rω Ă r˚ω by restriction of the target space

u : pDν´N ; BDν´Nq Ñ pΩ
p1`εqc
rg ,Ω

p1´2εqc
rg q. The set of images of representatives of rω is a flow-

family for ϕt
rg since it is defined through sublevelsets of E

rg, and it is nonempty since it contains

the ϕtg-unstable disk bundle around N . We have

inf
uPrω

max E
rg ˝ u ě inf max

uPrω
p1´ εqEg ˝ u ě p1´ εqc.

On the other hand for u the ϕtg-unstable disk bundle around N we have max E
rg ˝ u ď p1 ` εqc.

Thus, the minimax principle produces some geodesic rγ of E
rg with energy |E

rgprγq ´ c| ď εc.
Note that for any u in the flow-family every path in the image of u is homotopic to a loop in

N since the intersection of u and N is nonempty. Thus, also rγ is homotopic to the unperturbed
geodesic. �
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