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Abstract

Let M be a quotient of H2 x - - - x H? (product of hyperbolic planes) by a uniform
lattice of (PSLa(R))". We prove that, among metrics of M of prescribed volume,
the sum of hyperbolic metrics has minimal volume entropy.

1 Introduction

Let (X, g) be a compact Riemannian n-manifold and X be the universal Riemannian
cover of X. The volume entropy is defined as

.1
h(g) = lim - log(Vol(B(z, R)))
where B(xz, R) is the ball of radius R in X centered at any point x € X. The limit exists

and is independent of the choice of z (see | | p.568).
In this paper, we are interested in the following problem.

Question 1. Let M be a compact locally symmetric space of noncompact type with locally
symmetric metric go. Let g be any other metric on M such that Vol(M, go) = Vol(M, g).
Do we have

h(g) = h(g0)?

M. Gromov was the first to conjecture such a result in | ]. He was only in-
terested in the real hyperbolic case. But the question still makes sense for a general
symmetric space of noncompact type.

In the case where M is reducible, there exist a unique locally symmetric metric of
minimal entropy among locally symmetric metrics of prescribed volume, which are ob-
tained by scaling the metric in the factors ([ | Chapter 2). This metric is called
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”the” locally symmetric metric and is denoted by gp.

In this work, we give a positive answer to Question 1 in the case of compact quotients
of products of n hyperbolic planes, that is M = T'\ (Hz)n where I is a uniform lattice
in (PSLy(R))"™. More precisely our main result is the following:

Theorem 2 (Main theorem). Assume that (M, go) is a compact quotient of the product
of n hyperbolic planes. Then, for any other metric g on M,

h2"(g) Vol(M, g) = h®™(go) Vol(M, go).

Let us remark that the above inequality is sharp and no assumption is made on the
metric g.

In the fundamental paper | ], G. Besson, G. Courtois and S. Gallot dealt with
the case where M is a locally symmetric space of rank one (g is negatively curved) and
obtained a similar statement than the main theorem for such spaces. The same result
was obtained before (see | ]) in any rank but for a metric ¢ in the conformal
class of the locally symmetric metric go (supposed to be irreducible). In the case where
dim M > 3, the method is based on the barycenter map and the inequality in theorem
2 appears as an inequality of calibration (to be described below). In the case where
dim M = 2, already proved by Katok (see [ ]), one can still ask if the inequality
can be seen as an inequality of calibration. Besson, Courtois and Gallot showed that it
is indeed true and gave another proof of the conjecture for hyperbolic surfaces.

The barycenter method was improved by Connell and Farb in | | and, working
factor by factor, they also gave a positive answer to Question 1 in the case where M is
locally a product of rank one symmetric spaces with no factor H?.

In both of those papers, the authors pointed out that the case of products of hyper-
bolic surfaces still remained unknown.

Note also that there is an answer to question 1 in the same setting as [ | (prod-
ucts of rank 1 symmetric spaces without H2-factors) in [ | using an interesting
different point of view. The inequality between volumes and entropies appears as a
corollary of a general work on representations of fundamental groups of compact mani-
folds into Lie groups of noncompact types.

We now describe the content of this paper. To prove our main result, we use the

general outline introduced in | ]. It conmsists of an application of a method of
calibration. To make this method efficient, we embed the universal cover H? x - - - x H?
in the unit sphere of L2-functions on the Furstenberg boundary T" = S' x ... x St

by products of Poisson kernels. The aim is to show that this embedding has minimal
volume. In order to detect this minimality property, one may use a differential 2n-form
taking its extremal values over orthonormal frames in tangent frames of the embedding.
The method is briefly recalled in sections 2.1 and 2.2.

The hardest part is to find the calibrating form. Apart from the barycenter map,
which is not efficient in the 2-dimensional case, Besson, Courtois and Gallot developed



an alternative idea. In Chapter 3 of | |, following Gromov | |, there is a
general process to build suitable differential forms using bounded cocycles. The choice
of the appropriate cocycle in H? is then discussed in | | Chapter 6. We generalize
this approach for the compact quotients of (H2)n using the bounded 2n-cocycle on T"
that M. Bucher exploits in | | (for n = 2). We describe this bounded cocycle in
paragraph 3.1 and we check that the derived differential form has the required properties
afterwards. The calibrating inequality is finally obtained in paragraph 3.4.

The last section is devoted to applications. We obtain a (non optimal) estimate for
the minimal volume (to be defined in Section 4) of a compact quotient I'\ (H2)".

Corollary 3. Let M =T\ (HQ)R be a compact quotient of (H2)n Then

MinVol(M) > ( 27:/_5 1>2n Vol(go).

The most spectacular application is that we are able to give an optimal bound for
degrees of maps f: V2" — T'\ (HQ)TL from any Riemannian 2n-manifold. Precisely,

Corollary 4. Let Y be a smooth manifold of dimension 2n endowed with a Riemannian
metric g and let f be a continuous map

f : (Y,g) — (M,go).

Then
h(g)* Vol(Y, g) > |deg f|h(go)*" Vol(M, go).

We strongly believe that the equality is achieved if and only if f is homotopic to a
Riemannian covering map but our approach is not relevant to investigate the equality
case.

I would like to thank my PhD advisor C. Bavard for many useful discussions and
comments. I am also grateful to G. Besson for his encouragements and the remarks he
made on a preliminary version of this paper.

2 Calibration method

2.1 The spherical volume

In this section, M is a quotient of (H2)n by a uniform torsion-free lattice I' = m (M)
and then M is the Riemannian product (HQ)n with the usual metric of curvature —1
in each factors (called go in both of the manifolds M and M ). Remark that gg is the
best locally symmetric metric in the sense of | | Chapter 2, that is the metric with
minimal entropy among all locally symmetric metrics of same volume. As above, g is
any other metric on M.

Let us start with a few notations. We choose once and for all a basepoint o € H?, for
instance o = 0 in the Poincaré disk model (sitting inside the complex plane). We will



denote by the same letter o the basepoint in (HQ)n There will be no ambiguity resulting
from that convention. The basepoint is used to compute the Buseman functions and to
identify the boundary at infinity d,H? with the circle S' (see below).

In what follows, 8F(M ) will denote the Furstenberg boundary of M: the space of
Weyl chambers at infinity in M emanating from the same point (see | or| ]
for further discussions). There will be no conceptual difficulties coming from a general
theory of Furstenberg boundary: we just use the fact that ﬁp((Hz)n) is identified to the
n-dimensional torus T" = (Sl)n, by the above choice of a basepoint. The Furstenberg
boundary is better adapted to the case of higher rank symmetric spaces and it is one
of the key points in | |. The Furstenberg boundary and the visual boundary are
the same in the rank one case and that’s why the distinction does not appear in | ].

The Furstenberg boundary turns out to be a probability space in the following way.
The circle S! = R/27Z is endowed with the Lebesgue probability measure df (nor-
malized in such a way that df(S!) = 1). The n-torus is the product (in the sense of
probability spaces) of n such circles. The spaces of L? functions on T" is defined with
respect to this measure.

The Poisson kernel p, of the disk is defined by:
po($a ‘9) = 6_80(%0)7

where B,(z,0) is the Buseman function. A classical computation gives the explicit
expression in the Poincaré disk

1 — |z

pol ) =1 i

for any z € B(0,1) and 6 € S*.

The definition of the spherical volume in | ] extends to (H2)" in the following
way. We consider two representations of I'. The first one in Isom(ﬂ , go) is the holonomy
representation of I'. The second one is the representation in the unit sphere of L? (6FM )
the Hilbert space of L2-functions on the Furstenberg boundary with real values. We
denote this unit sphere by S or S*° (9 M) if the universal cover needs to be specified.
More precisely, it is a unitary representation restricted to S. It is defined by

(7 £)(0) = F(vH(8)v/po(vo1,0%) - - - /po(v0n, 07)

where o is the basepoint of (]HIQ)n, vo = (yo1,--+ ,y0p) € (]HIQ)n and 0 = (0*,--- ") €
T”. This is the change of variables formula (for L? functions). Indeed the Jacobian
of an isometry acting on the Furstenberg boundary is given by the product of Poisson
kernels.

Then, as in | |, we introduce the family N of Lipschitz immersions

®: M —s L2(0pM)



which are I'-equivariant, that is satisfying the following equation
®(yz) = 72(z)
forall v € I" and all z € M. We also require that
vo e (H2)", [|@(2)]g2 =1,

that is ®(z) € S and that, for every z € M, ®(x) is positive almost everywhere. We
can also consider those immersions as functions of two variables ® : (z,0) — ®(x)().
The product of square roots of Poisson kernels

o= (H)" — S
(CC17"‘ ,./L'n) — po(x]-’)xx q/])O('/L"n’.)

is an example of such an immersion (see Lemma 6 below). Moreover it is an embedding,.
We will think of (HQ)n as embedded in §* by the product of Poisson kernels. The
spherical volume is then defined by

SphereVol(M) = q%gjfv{\/ol(@)}

Vol(®) = /M Idet g (g(2) [dug, (),

where gg denotes the almost everywhere defined pull-back of the usual Hilbertian metric
on L? by the Lipschitz immersion ® and dety(ga) is computed in any g-orthonormal
basis. The integral on M means that we integrate on a fundamental domain in (H2)n
for the I'-action and the equivariance relation satisfied by ® shows that this does not
depend on the fundamental domain.
The spherical volume is a transitional object. We use it to make a link between
entropies and volumes. We want to prove the following inequalities.
h(go)* h(g)*

L = <
< ™ ) Vol(M, go) SphereVol(M)\< ™

where

)n Vol(M, g).

First we recall the second inequality.

Proposition 5 (| | Chapter 3). We have

n

h(g)*\"
SphereVol(M) < e Vol(M, g).
Proof: We refer to Chapter 3 of | ] for the same proof in the rank one case.
There are only very few modifications to make in our setting. Let’s first reintroduce a

family of immersions which satisfy the conditions above. For a real parameter ¢ > h(g),
we consider :

1/2
\Ilc(xv 0) = </M e—cd(z,y)po(y17 91) o 'pO(yna Hn)dvg(y)) :
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The condition on ¢ ensures that the integral converges. Indeed for uniform lattices
volume entropy and critical exponent are the same. Then we define an element of A/ by

U.(z,0)
(f,ﬂm U2 (z, 9)d9)

We just have replaced the boundary sphere by the Furstenberg boundary. We can now

O (z,0) = e

perform the very same computation as [ | (p.742 for a proof of the Lipschitz
regularity and p.746 for the volume computation). We get the required estimate for the
spherical volume. O

It remains to check now that if M is a compact quotient of (HQ)n, we have

h(go)?

SphereVol(M) = ( > Vol(M, go).

In fact, we can find an immersion ® of N which has precisely the needed volume.

Lemma 6. Let M be a compact quotient of (HQ)n. Let @ : (Hz)n — L2(T") be defined
by

Then

1. ®g is a smooth embedding, it belongs to N and

Vol (o) = (Mgg)z)"wgo) - (;)nw(go).

2. The tangent space at the basepoint 1 € S of the image of P, T]1<I)0((H2)n) is
generated by the 2n functions

Ji: T — R
=(0',---,0") — 2cosb
and
fix1 ™ — R
=6 ,0") — +/2sinf’
fori=1,--- n.

Proof: It is enough to handle the same situation with only one factor H?, the volume
and the description of the tangent space will be easily deduced from the 2-dimensional
case. The family of measures (1,),cp2 on S' which are in the Lebesgue class and satisfy

dv,  1- ER

do = ezm9|2
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are in fact the so-called Patterson-Sullivan measures of the hyperbolic plane which were
constructed in | |. We refer to this original paper for the equivariance relation (note
that this family of measures is even SLy(R)-equivariant).

Then it is enough to show that @ is an immersion at the basepoint o, SL2(R) acting
(transitively on H?) by diffeomorphisms. The differential of ®q is easy to compute and
we get the basis we claimed for the tangent.

This shows in particular the point 2 of the above Lemma which shall be used later
on. As the 2 functions cos and sin are a free family in L?(S'), we obtain that ® is an
immersion at o.

Finally the volume of ®( has been computed in | | at page 744. O

This Lemma 6 shows in particular that

h(go)?

SphereVol(M) < ( > Vol(M, go).

The purpose of Section 3 is to prove that this inequality is sharp, providing the required
equality.
2.2 Calibration theory

In order to show that the Spherical Volume is achieved by the map ®(, we use a classical
method of calibration, following | ] chapter 4. Let us make a brief review on how
we implement this method.

Let Q be a differential 2n-form which is I'-invariant.

Definition 7. 1. The comass of Q) is the quantity

comass(§2) = sup [Q,(f1,- -, fon)|,

where the supremum is taken over all functions ¢ € S and every orthonormal
family (fi,-- -, fon) where each f; belongs to T,S*.

2. One says that the differential form Q calibrates some immersion ®y € N if

(a) The form Q is closed,
(b) its comass is finite and nonzero and

(c) when we restrict Q to orthonormal families, it is maximal on the tangent
space T®o((H?)"), that is,

|y (2) (de®o(ur), - -, dyPo(u2n))]
||dx<1>g(u1) VANRIIAN dxq)o(UQn)H

= comass({2)
for every x € (]H[Q)n and every orthonormal family (uy,--- , uap).
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Here is the way we shall exploit a calibrating differential form. The following propo-
sition follows readily from Stokes theorem. Here, we emphasize the fact that we use in
a decisive way the compactness hypothesis for M (see | D).

Proposition 8 (| | proposition 4.3 p.748). Assume there ezists a differential 2n-
form which calibrates an immersion ®o € N. Then

SphereVol(M) = Vol(®y).

From now on it remains to find such a calibrating form for the Poisson kernel.

3 A calibrating form for (H?)"
3.1 Definition of the form
We will denote by e the Euler class of the circle,

e(6o,01,02) = 1 if the points are cyclically ordered on S!.
e(bop,61,02) = —1if not.

Then we consider the application C' : (T™)?*"*! — R given by the following formula,
1 L ) ) .
201 1) > sign(0) [ ] e(0hmima) Ooaim1) Uran)-

0€62n 11 i=1

C(bo,- -+ ,b2n) =

For example if n = 1 then C = e, the Euler class and if n = 2, this is the cocycle used
in | |. This map C could be seen as the alternation of the cup product of n Euler
classes. In particular C is alternate, that is,

0(00(0)7 T ’90(2n)) = Sign(0)0(907 T )9271)-

Then the following formula defines a differential 2n-form on S*°:

Qu(fr,-- 5 fon) = / C(0o, - ,022)0*(00)p f (61) - - o.f (B2,)d0 - - - B

(Tn)2n+1
We conclude this paragraph by stating some properties of C' that we shall use later on.

Proposition 9. Let G be the group (Diff+(Sl))n embedded diagonally in Diff *(T").
The map C is G-invariant, that is

vg € GJ 0(9007 Tt 790271) = 0(007 e 702n)‘
Proof: The group Diff*(S!) preserves the cyclic order on S' then, for v € Diff " (S!),

e(v00,701,702) = (0o, 61, 02).



Taking g = (7v},--- ,9") € G, one has

C(gbo," -, g02n) = § sign(o) | | e(y 00’(21‘—2)7’7 90(21_1)77 HU(Qi))
(2n +1)!

0€G2n11 i=1

-
Il

=.

@
Il
—

1 . i i i
= Gt > sign(o) [ ] eOhai o) Onai 1y Orar)

€62, 11

= C(bo, - ,02n).

Proposition 10. The map C is closed as a combinatorial cochain, that is

2n+1

> (=1)'C(00, -+ 10, ,02n41) = 0.
i=0

Proof: It is classical that alternating cup products of cocycles leads to a cocycle. [

3.2 An invariance relation satisfied by (2

Let us show now that the form  is invariant under the action of the group G =
(Diff*(S'))". This group contains (PSL2(RR))" and extends its action on L?(T") by the
change of variables formula,

(9./)(8) = \/Jacg=1(6) f o g~ (0).

The action being unitary, we let act G on the unit sphere S by restriction and on the
tangent space of this sphere. Then we have, for g € G,

(g*Q)lp(fla"' 7f27l) = Qgtp(gfl,"' 7gf2n)
2n

- /(Tn)zn+1 C(bo, - - ,«92n)(980)2(90)H(ggo)(gfi)(ei)dai

=1

2n
- /( ont C(6o, -+ ,020) Jac g™ (00)¢>(60) | [ Jac g~ (8:) £:(6:)db;.
Tm)™ i=1
We now perform the change of variables formula 60, = g 1(0;). We get

(G D (fr,-, fon) = /(Tn)zn+1 C(g00, -+, 9020)9*(00) 0 f (01) - - - 0 f (02n)dbg - - - Aoy,

The conclusion now follows from proposition 9.



3.3 Closure of

In order to use the method of calibration, we have to deal with a closed form. This is
the aim of this paragraph.

Proposition 11. The differential 2n-form € is closed.

Proof: To differentiate €2, it is easier to have an expression on a space of measures
instead of the unit L2-sphere. Let us begin by a quick review on the structure of the
space of measures we will deal with.

Let M be the Banach vector space dual to C°(T"), the Banach space of continuous
functions on T™. The space M is also the space of Radon measures on T". We consider
the affine space

My ={p e M|u(T") =1}.
We think as this affine space as an infinite dimensional manifold shaped on a Banach

space. The tangent space in each point is the vector space of zero-mass measures.

The differential form Q comes from a form on M pulled-back by the smooth map

A: S — M
p — BHfB(pQ(Q)dH.

The image of a function ¢ is the measure with density ¢? with respect to the Lebesgue
measure. Let us define a differential 2n-form Q' on M,

(ar,sam) = [ Ol Oan)di(Bo)dan (60) - dazn (Ban)
(Tn)2n+1
Clearly
Q=224

Then it is enough to show that € is closed. But now, €’ is a linear map with respect to
p. Then, we have (see | ] p.84 for the differential formula of a form on a Banach
manifold)

2n '

dQ,/u(a(b T 7a2n) = Z(_]‘)laﬂgll(aﬂa T ’Oziv T 7a2n) - Q.
i=0

By linearity this expression is also

2n

dQ;;(O‘()v T 7a2n) = Z(_l)igai(a07 e 7dia e >a2n)-
i=0

With skew-symmetry, this is again

dQL(ao,... , Qo) = (2n + 1)/( - C(by,--- ,02,)dag(By) - - - dovon (B2y,).
Tn)="
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Each measure has a vanishing total mass. Let us show that the above expression is in
fact

dQ'/u(OL[), ce ,OQn) = —(2n+1) /( Jonta 60(00, cee ,92n+1)da0(00) cee dagn(egn)dﬂ(92n+1).
Tn)="

Let us recall the definition of the combinatorial boundary of a cochain,

2n+1

0C(00, -+ ,02ns1) = > _ (=1)'C(Bo, -+ .0, -+, Oons1).
i=0

First we have,

/(T )2nt C(HO’ o ’92”)da0(90) T da?n(GZTL)

= /(T 2 C(0g, -+ ,02n)dag(00) - - - dooy (02, )dp(02n11)

because pu(T™) = 1. We recognize the opposite of the last term in the expression of 9C
(corresponding to the index i = 2n 4+ 1). We now prove that the other terms in the
expression of JC vanish. FEach of these remaining terms are of the form

0(607 te 7éi7 te 702n+1)d0‘0(60) U da2n(92n)d:u’(92n+l>
(Tn)2n+2

with ¢ # 2n + 1. Integrating with respect to the variable #; which is not involved in the
cocycle, make appear a multiplicative term, the total mass of one of a tangent measure,
supposed to be zero.

So finally the closure of C' as a combinatorial cocycle (see proposition 10) proves the
result. O

3.4 The calibrating inequality

Let us first remark that we only have to establish the inequality at the basepoint p = 1.
Indeed one can show exactly as in paragraph 3.3 that

s G080 9820) (5200) 1) 6 01) o By - =0

Replacing the functions f; € T,,8° by the functions ¢f; € T35, we can make the
assumption ¢ = 1.

Besson, Courtois and Gallot studied the 2-dimensional case in | | chapter 6.
They used the Euler class to build a differential form

wo(f1, f2) = /(sl)3 e(0o, 01, 02) 0% (00) ¢ f1(61) @ f2(02)dBodOdb5.

Here is what they proved:

11



Proposition 12 (| | chapter 6). 1. One may use the following alternative ex-
pression for w,

we(f1, f2) = 2/1 FidFy,
S
where F1 and Fa are the primitives with vanishing integrals for ¢ fi and pfs.
2. The comass of w equals %

3. Moreover w is a calibrating form for the Poisson kernel, that s, at the basepoint
1, w is maximal over orthonormal families (f1, f2) if

f1(0) =V2cos and f2(0) = V2siné.

Back to the 2n-dimensional situation, we first show that the differential form 2 is
nonzero, evaluating it on T <I>0((H2)n). Remember the family of functions given by

fi ™ — R
6= (0, ,0") — +/2cost’
and
Jit1: ™ — R
6= (- ,0") — +/2sinf’
fori=1,---,n, is an orthonormal basis of T11<I>0((H2)n).

Lemma 13. We have the relation

D (f1, fo, -, fon) = T

7 (2n)!

Proof: Let us look for permutations ¢ € &g,11 for which the corresponding term
2" sign(a)/( Jn H (6(9;(2172)a 03(21‘71)7 93(21‘)) cos f; 1 sin 95172) dbo - - - dbon
)™ i

is nonzero. In order to get such a permutation, the variables 63, ; and 65, which are
involved in the expression

cos B sin @} ---cos Oy, sin6y,

have to appear also in the expression

n

H 6(03(21'72)7 93(21-,1); 93(20)-

i=1

If not we integrate with respect to one of the variables 6%, ; or §5. missing in the term
of the cocycle and we get a multiplicative vanishing term which is the integral of one of
the functions f;. Hence, we need that, for each ¢,

{02i-1,02:} C {0,2i-2),002i-1), Oo(2i) } -

12



Let us now compute the number of suitable permutations. The first image ¢(0) could
be any of the 2n + 1 elements. Let us say o(0) falls in the i*" Euler class, o(0) €
{2i —2,2i —1,2i} (e.g 0(0) = 2i — 2, other cases are similar). From the condition
above, it remains only two possibilities for o(2i — 1) and o(2i), namely,

0(2i—1)=0(2i —1) and o(2i) = 0(2i9)

0(2i —1)=0(2i) and o(2i) =0(2i —1).

Once we fill the i*" Euler class, the adjacent one(s) already have one element imposed
(remember fy; appears in both the i*" Euler class and the (i + 1) Euler class). Hence
we have again two possibilities for the two remaining arguments and inductively for each
Fuler class.
Finally we find
2"(2n +1)

suitable permutations.

We now play with the skew-symmetry relation to show that, for each suitable per-
mutation o, the corresponding term

i=1

equals 7%” From now on, we assume that o is some suitable permutation characterized
above.
The variable 6y appears in one or two Euler classes, let us say for example that

o(0) = 2i

for some i < n (other cases are simpler). Then the variable 6y appears in both the *®
and the (i + 1) Euler class. We compute the term

T, := sign(a)/( " H (e(@fy(%_m, 03(27;—1)7 92(21-)) cos B4, | sin 952-72) dby - - - dfay,
i=1

by first performing the change of variables

Or2i—2) = 01, Os2i—1) = 03, Op2it1) = 03, Op(2ip2) =04 and 6 = 6,

for k # 2i—2,2i —1,2i+1,2i+ 2. Since the Jacobian of this change of variable is 1, we
do not change the value of T,. Remember we took ¢ such that

{o(2i —2),0(2i —1)} ={2i —2,2i — 1} and {o(2i +1),0(2i +2)} = {2 + 1,2 + 2} .

So we can assume that 6y appears in the first two Euler classes.

13



Now the disjoint support cycles of the permutation o are all contained in sets of the
form

{2i—2,2i — 1,2i}.
Hence, when one reorders the variables in each Euler class such that 0, ;_1) sits in the
(26 — 1) place and Oo(2i) sits in the (24)* place, the sign by which we changed T}, is
precisely sign(o).
Therefore, because the first variables in each Euler class don’t play any role, each

term T, equals T;4. The computation of T4 is easy because the situation appears now
as a product and one can use Lemma 12. Indeed,

n
Tia = QnH/ 36(931'727 bi—1,05;) cOS 03,y sing; dfy;_5dbs; b,
=17 (Y
n

O]

We now proceed to the calibrating inequality. We introduce the (2n — 1)-cochain,

D(01,-+ ,02,) = | C(bo,- - ,02,)dbo.
"H‘n

The reasoning involves the Fourier coefficient of D. A function f € T3S is written as

et = > apcos(k'0N 4+ E"0") + b sin(k'0" + -+ + E"O"),

where § = (0%,--- ,6™) € T" and k € I, the subset of Z" given by
I =N\{0} x Z" U {0} x N\ {0} x 2" 2U---U{0,---,0} x N\ {0}.

The convergence of the sum has to be understood for the L? topology.
We denote by v : St — R a function which can be either /2 cos or v/2sin. For some
K = (k,--- k™) € I we denote by v : T" — R a function which can be either

0=(0", - ,0") — V2cos(k'Or + - + k"0")

or

0 =0, ,0") — V2sin(k'0! + - + k"0™).

Definition 14 (Fourier transform and Fourier coefficients). Let F' be a map from (T™)*"
to R. The Fourier transform of F is the map

F JRL s R2"
(Kl7"' 7K2n) — f(Tn)Qn ‘D(917 70271'71(1(91)"'VK%(GQn)del d92n :

We call F(Kl, .-, Ko,) a Fourier coefficient. The 22" coordinates of a Fourier coeffi-
cient correspond to the possible choices of functions ~y.

14



Remark Fourier coefficients of the cochain D contain values of €. In particular

110 0 0
.00 1 1 0
Df. .

00 11

contains the value of 2 on the orthonormal tangent of the image of the Poisson kernel.
That is why we investigate the combinatorial properties of D.

Here is a characterization of the nonzero Fourier coefficients of D.

Lemma 15. 1. The Fourier coefficient f)(Kl,--- , Koy,) is nonzero if and only if

there exist some nonzero integers k', --- k"™ such that
k0o 0 - 0
0 0 kK kK -~ 0
R N P
0 0 R A
up to permutation of lines and rows. Moreover if (K1,--- , Kay) is as above, the
nonzero coordinates of D(Ky,--- , Koy,) (among the 22" ones) is constructed by
taking

Yiyr 1 (0) = V2 cos(k'0Y) and yx,, = V2sin(k'6™)
for all i and up to permutations of the functions.

2. A nonzero coordinate of some Fourier coefficient, that is,

on /(Tn)2n+1 C(o,- - ,02n) <H cos(kieéil)sin(kiaéi)> dby - - - dbs,,

i=1
equals
2n
@n) T, k-
In particular, any nonzero value is smaller than the value of  on the tangent of
the image of the Poisson kernel.

Proof: Take some functions vg,, - ,7K,,.- One may use the addition formulas for
the trigonometric functions yg,. Hence D(K1,--- , Kay) is a sum of terms of the form

/(Sl)zn2 He(03(2i72)’ <i7(2i 1) 0'21 HH kZQZ dﬁl
i=1 ]

(if for some integer ké = 0, we set v(kéﬁé) = 1). We show that if (Ky,---, Ka,) is not
as in the statement of the Lemma, every such term vanishes. In order to do that, we
will use several times the arguments below.

15



1. Argument 1 : If there is some variable Hé- € S! which is involved in some function
~ and which is not involved in the term of the cocycle, that is

Gé- ¢ U {9;(21'—2)’957(21'—1)’057(21’)} ;
i=1

then we integrate with respect to this variable 9; and we get zero as a multiplicative
term because the integral of 95- — 'y(kéﬂé) vanishes.

2. Argument 2 : One can also show exactly as in paragraph 3.3 that
/( 1)3 6(90, 91, 92)7(1@090)’7(%191)’y(kz@g)d@od@ldeg =0.
S

Indeed the Euler class e is combinatorially closed.

3. Argument 3 : An expression of the form
/ ) 6(90, 01, 92)’}/(90)d¢90d91d92
sY?
must vanish. Indeed for a fixed 6y,

/ 6(90,91,92)d91d92 =0.
(s1)?

In each term of the cocycle there is 3n variables involved. Then we cannot have
more than 3n nonzero integers (otherwise we use argument 1 above). We cannot have
also more than 3 nonzero integers in each row. Indeed,

e If there is 4 or more, there is at least one variable involved in the functions and
not in the term of the cocycle. We use argument 1.

e If there is 3, there is again 2 possibilities. FEither the variables involved in the
functions and in the cocycle are not the same and we use argument 1; either they

are the same and after we integrate with respect to this 3 variable, we use argument
2.

Moreover we cannot have more than 2 nonzero integers in each line. Indeed there
is at most one repetition of the variables in the different Euler classes. In fact there is
exactly two nonzero integers in each line. If there is only one, this means that there is
only one of three variables in some Euler class matching with a variable in the functions.
We integrate with respect to this three variables and we use argument 3.

Hence there is exactly 2n nonzero integers in the 2n? coordinates of a nonzero index
(K1,---,Ko,) € I*™ and exactly two nonzero integers in each line. So there is exactly
one nonzero integer in each row.

16



So far we can assume that

Kt k20 0 .- 0
0o 0 kK* K+ ... 0
(K1, Kop) = R : : :
0 0 ... gl g2
for 2n nonzero integers k', k2, - - - , k*. Indeed, up to sign, the values of ﬁ(Kl, <o Kop)

are left unchanged when we permute the K;’s. One can also reorder the lines by per-
forming some change of variables of the form

'o(l) _ pl
0, =0,
which only changes the sign. From now on the situation appears completely as a product.
One can check that the permutations ¢ € Gg,41 giving a nonzero contribution are
exactly the ones we characterized in Lemma 13. Fach term gives the same value. A
generic coordinate of D(K1, -+, Koy,) can be written as

2" i i i i—1pi ipi i i i
(2n)!1_[1/(81)3 6(921'—27 2i—1> 2i)’Y(k2 192i—1)’¥(k2 92i)d02i—2d92i—1d92i'

We can now conclude with the assertion 1 of Lemma 12. Indeed we must choose the
integers k', k%, .-+  k?" and the functions vx,, Vi, " » VK, such that, for all index i,
Yk,; and the primitive of yf,. , are not L2-orthogonal.

We can also perform the exact computation of the nonzero values thanks to the same
assertion 1 of Lemma 12. Indeed for each index 1,

2/ 36(951727 %iflveéi)Cos(kieéifl)Sin(kieéi)d93i72d05171d03i
(st)

1 P |
=4 | —sin?(k'0")do’ = yEm

s1 ¢ Y
O
We finally deduce the calibrating inequality. Take 2n functions fi,---, fo, with
integrals zero, the family (fi,---, fon) being orthonormal. For each function f;, we
write
fi(0) = Z ar;cos(k'0N + -+ E"0™) + by sin(kTOT 4 - - - + K"O™).

K=(k!, - kn)el

and we denote by ck; some Fourier coefficient of f; which can be either ax; or bx ;.
Beside, let us set the following convention in order to design the coordinates of some

17



Fourier coefficient. We take C' = (ck, 1, , CKy,.2n) € H?ﬁl {ak, i, bk, i} and denote by

D(Ky,- -+, K9,)¢ the coordinate of D(Kj,--- , K»,) corresponding to

{ VK (0)

cos(kl0Y + -+ kO") if ck, ; = ak, ;-

ny1(9) = Sin(kilel + -+ ]{5?9") if CK;i = bK¢,i~
Hence
Qulfr, -, fan) = > D(K1,-++ , Kon) ey 1+ Chiypoam.
Kl"" aK2’VL
C€H§21{aKi,i’bKi,i}
We already isolated the vanishing Fourier coefficients. Let B = (e1,--- ,e,) be a basis
of R™. For p € G,,, we denote by Q(p) the n x n matrix in B of the linear map sending
e; to ey;). We have
k0o 0 -~ 0
R 0 0 kK* kK* -~ 0 n
D (fr, s fan) = Z D Q(p)- . . . . . . H ckPU),Q@'flC;cp(i)’zi'
oo : : : i1
0 O R A 1
The sum is taken over all possible choices of nonzero integers k', - - - , k", all permutations
p € &, and over all possibilities of Coti) 2i—1 and C;gp@) ,; such that, for all ¢,
Che(i) 21 = Qpo(d 95— and C;;p(i)gi = bpeti) 2
or

/
Chor(D) 2i—1 = bkﬂ<i),2i71 and Crp() 25 = Apr(i) 24+

We now have

2n -
[Qp(f15- 5 fan)| < Z @)l [, & H ‘Ckﬂ@),zi—lc;gp(i),zi
=1 =1

PIUN
< T N Cr.p(i) 9; C/ i) 9| -
= (Qn)'ﬂn kP(1) 26—1%Lp(0) 24
=1

It is a standard fact that, using repetitively the Cauchy-Schwartz inequality, one gets

N N
2 Hzas<Il /2 w0
€A B=1 =1\ ac4

for some countable set A, some integer /N and some non-negative numbers z, 3. Here

18



we obtain

27'L n n
’Qn(fh e 7f2n)‘ < W H \/Z ’Ckp(i)gi_l‘ H \/Z C;Cp(i)72i
i=1 i=1
on 2n
< (2n)lar H | fill 1,2
=1
27’L
- (2n)lan’
This inequality is an equality when (f1,--- , fon) generates the tangent to the image of

the Poisson kernel. The proof of the main theorem is then complete.

4 Applications

We finally look for some consequences, suggested in the last chapter of | .

It is possible to extend the main result to the case where g lives on another differ-
entiable manifold related to M by a map of non-zero degree. The result we obtain is an
optimal ”degree theorem” as in the article | | who misses the case we investigate.
There is also a similar result in | ] but with a nonoptimal constant and with an
additional hypothesis on the Ricci curvature of g.

We denote again M = T'\ (Hz)n a compact quotient of (Hz)n and go the sum of
hyperbolic metrics in the different factors H?Z.

Corollary 4. Let Y be a differentiable manifold of dimension 2n endowed with a Rie-
mannian metric g and let f be a continuous map

f:(Y,9) — (M, go)

Then
h(g)*" Vol(Y, g) > |deg f|h(go)*" Vol(M, go)

Proof: Observe that the inequality is trivial if deg(f) = 0. So let us assume that
deg(f) is non-zero. First, one can regularize the map f in a homotopic map, still
denoted f, which is C1. We call f the map induced by f from Y to M. Let us introduce
the invariant appropriated to this new situation

SphereVol(f) = inf Vol((U, ®*(can)))

where ® are Lipschitz continuous equivariant immersions from Y to L2(T"). As before,
one example is given by the product of Poisson kernels,

Oo(y,0) = [ ] \/po(f ()", 67),
=1
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where the f(y)"’s are the coordinates in the factors H? and the 6%’s are the coordinate
in T". We also consider

[y el 53z, Q)dvg(z)) V2

Pc(y,0) = ( f’]l‘” e—Cd(yzz)(I)%(Z,H)d@

where d is the g-distance in Y. The two arguments above (page 5 for the first and
section 3 for the second) give in this context

1. SphereVol < (%‘22)” Vol(Y, g) using the computation of Vol(®.)

2. The image of @ is still calibrated because f is surjective and then SphereVol =
Vol(®g). Moreover

h(g0)?
8n

Vol(®0) = |deg /] ( ) Vol(X. go).

O]

We also obtain an estimate for the minimal volume. Let X be a compact manifold.
The minimal volume is defined as

MinVol = inf {Vol(g), |K(g)| < 1}

(see [ D).
Corollary 3. Let M =T\ (]HIQ)n be a compact quotient of (]HIQ)R. Then

MinVol(M) > ( 272/—5 1>2n Vol(go).

In particular, we reprove in a quantitative way a general theorem of | | stating
that MinVol is nonzero. However the inequality is probably not sharp.

Proof: We still follow chapter 9 of | |. Take a metric g on M with |K(g)| < 1.
We deduce an equality on the Ricci curvature

Ric(g) = —(2n —1)g.

We then apply Bishop’s inequality (] | p.144) comparing volumes of balls for g
and volumes of balls in the hyperbolic 2n-space H?". Taking the logarithm and making
the radius go to infinity, we have

h(g) <2n—1.

We conclude introducing this inequality in

2n
Vol(g) > (}2{?)) Vol(go)-
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Here is a last consequence in dimension 4. P. Suarez-Serrato in | ] classified the
4-dimensional Thurston geometries admitting a metric of minimal normalized volume
entropy. The only missing case were the case of quotients of H? x H2. In dimension 4,
there exist 19 geometries admitting a compact quotient (see the list and references in
[ | p. 366). P. Suarez-Serrato was able to decide among the 18 geometries (all but
H? x H?) which ones admit a metric of volume 1 with minimal volume entropy (theorem
A). Hence we obtain

Corollary 16. The 4-dimensional Thurston geometries admitting a metric with mins-
mal normalized volume entropy are only those of "hyperbolic type”

H, HZ and HE x HE.
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